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Warm-Up 1
1. ________ What is the least common multiple of 6, 8 and 10?

2. ________ A 16-page booklet is made from a stack of four sheets of paper
that is folded in half and then joined along the common fold.  The
16 pages are then numbered from front to back, starting with
page 1.  What are the other three page numbers on the same
sheet of paper as page 5?

3. ________ What is the least natural number that has exactly three factors?

4. ________ What integer on the number line is closest to -132.48?

5. ________ Each side of hexagon ABCDEF has a length of at least 5 cm and AB = 7 cm.  How
many centimeters are in the least possible perimeter of hexagon ABCDEF?

6. ________ Walker Middle School sells graphing calculators to raise funds.  The
school pays $90 for each calculator and sells them for $100 apiece.
They hope to earn enough money to purchase an additional classroom
set of 30 calculators.  How many calculators must they sell to
reach their goal?

7. ________ Two different natural numbers are selected from the set {1,2,3,�,6}.  What is the
probability that the greatest common factor of these two numbers is one?  Express
your answer as a common fraction.

8. ________ School uniform parts are on sale.  The $25 slacks can be purchased at a 20%
discount and the $18 shirt can be purchased at a 25% discount.  What is the total
cost, in dollars, of three pairs of slacks and three shirts at the sale price, assuming
there is no sales tax?  Express your answer as a decimal to the nearest hundredth.

9. ________ A space diagonal of a polyhedron is a segment connecting
two non-adjacent vertices that do not lie on the same face
of the polyhedron.  How many space diagonals does a cube
have?

10. _______ What is the mean of �
�

 and �
�

?  Express your answer as a common fraction.
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Answers
1. 120 (C, T, F)

2. 6, 11, 12 (S, M, P, T)

3. 4 (G, T, C, E)

4. -132 (M, C)

5. 32 (M, C, F)

6. 270 (C, F)

7. ��

��
(T, M)

8. 100.50 (C, F)

9. 4 (M)

10. ��

��
(C, F)

Warm-Up 1

Solution � Problem #7
To find all of the possible combinations of two

numbers that could be selected, let�s make a chart.
Make sure not to include situations twice (like choosing
1 & 2 as well as 2 & 1) or situations where the same
number is used for both choices (like 2 & 2).  To
eliminate these options, they have been shaded gray in
the chart.  Notice there are 15 possible combinations
(shown as white rectangles), and those where the
greatest common factor is 1 are marked with an X;
there are 11 of these.  Therefore the probability is ��

��
.

Representation � Problem #10

This problem can be modeled geometrically by finding the point on a number line equidistant
from �

�
 and �

�
.  If �

�
 is renamed as �

�
, it is easy to see that each section of the number line is �

�

units long, but the middle is still not exactly known.  Changing the denominators to 16, though, will
show that the middle is halfway between ��

��
 and ��

��
, which is ��

��
.

Connection to ... Rectangular prisms (Problem #9)

The cube in #9 is just a special rectangular prism.  Due to the regular use of rectangular
prisms in geometry problems, it is worth memorizing some of the formulas that go with them.  For a
rectangular prism with a length of x units, a width of y units and a height of z units, the volume is
equal to the product x�y�z, the surface area is equal to 2xy + 2yz + 2xz, and the length of a space
diagonal is equal to [ \ ]� � �+ + .  Notice, for any cube such as the figure in problem #9, the
length of the space diagonal will be [ [ [ [ [� � � �� �+ + = = .
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1. ________ The square root of what number is double the value of 8?

2. ________ A hummingbird flaps its wings 1500 times per minute while airborne.
While migrating south in the winter, how many times during a
1.5 hour flight does the hummingbird flap its wings? Express
your answer in scientific notation.

3. ________ Suppose ψ� � � � �D E F DEF=   Compute ψ ψ ψ� � � � � � � � � � � � ��� � ��� ���+ +

4. ________ A pizza with a diameter of 12 inches is divided into four slices as shown.  The central
angles for the two larger congruent slices each measure
20 degrees more than the central angles for each of the

two smaller congruent slices.  What is the measure, in
degrees, of a central angle for one of the smaller slices?

5. ________ To determine whether a number N  is prime, we must test for divisibility by every
prime less than or equal to the square root of N.  How many primes must we test to
determine whether 2003 is prime?

6. ________ A farmer plants seeds for a 75-acre field of yellow sweet clover.  A 25-pound bag of
seed costs $24.  How much would it cost, in dollars, to seed the field if twelve
pounds of seed were used per acre?

7. ________ What is the area, in square centimeters, of the figure shown?

8. ________ On a 25-question multiple choice test, Dalene starts with 50 points.  For each
correct answer, she gains 4 points; for each incorrect answer, she loses 2 points;
for each problem left blank, she earns 0 points.  Dalene answers 16 questions
correctly and scores exactly 100 points.  How many questions did she answer
incorrectly?

9. ________ Which pair of the following expressions are never equal for any natural number x :
[ [ [[ [� � � "� �

10. _______ A five-digit number is called a mountain number if the first three digits increase and
the last three digits decrease.  For example, 35,763 is a mountain number but
35,663 is not.  How many five-digit numbers greater than 70,000 are mountain
numbers?

Warm-Up 2
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Answers
1. 256 (C)

2. ��� ���� × (C)

3. 17 (F, C)

4. 80 (C, F, M)

5. 14 (T, C, E, G)

6. 864 (C)

7. 12 (M, F, C, P)

8. 7 (T, C, F, G)

9. x, 2x (E, G, F, T)

10. 36 (T, P, E, S)

Warm-Up 2

Solution � Problem #7
Separating the shape into 4 triangles, we see that each of the

triangles is half of a rectangle.  Therefore the area of the original
region will be half of the largest rectangular region circumscribed
about the shaded area.  Just by counting, we can see that there are
24 square centimeters within the four small rectangular regions.
Taking half of this amount yields the answer of 12 square centimeters
for the area of the shaded region.

Representation � Problem #8
The situation in this problem can be represented with the equation

Total Points = 50 + 4C � 2W, where C is the number of correct answers
and W is the number of wrong ones.  Since we are looking at the
situation where Dalene earns 100 points, the equation we need to graph
is 100 = 50 + 4C � 2W or W = 2C � 25.  Since Dalene had 16 correct
answers, look at the W-value on the graph when C = 16.  On a graphing
calculator, using the Table function or Trace function can help you

locate the exact value for W when C = 16.  We see that W = 7.  Finally, we need to
be sure that W + C < 25, since there are only 25 questions on the exam.  This

condition is met, and we can also determine now how many problems were left
unanswered.

Connection to ... Angle measures in  polygons (Problem #4)

Measuring the central angle in a circle can be used to find the angle measures of a regular
polygon.  A regular n-sided polygon can be inscribed in a circle.  A regular hexagon is shown here.
Notice that the central angle (star) is ���

Q
° for any regular n-gon.  Since the

triangles in the polygon are isosceles, the sum of the measures of the base
angles (dots) is (180 � ���

Q
)°.  An interior angle of the polygon is composed of

two of these base angles, so its measure will also equal (180 � ���
Q

)°.
Therefore, the measure of an interior angle of this regular hexagon is equal
to (180 � ���

�
) = 120°.
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1. ________ What integer on the number line is closest to −���
�

"

2. ________ On Tuesday, the Beef Market sold 400 pounds of prime rib steak at $9.98 per pound
and 120 pounds of rib-eye steak at $6.49 per pound.  What was the average cost in
dollars per pound of the steaks sold on Tuesday?  Express your answer to the
nearest hundredth.

3. ________ The earned run average (ERA) of a major league baseball pitcher is
determined by dividing the number of earned runs the pitcher has allowed

by the number of innings pitched, then multiplying the result by 9.
What is Ray Mercedes� ERA, to the nearest hundredth, if he has
pitched 164 innings and allowed 48 earned runs?

4. ________ An algebraic expression of the form a + bx  has the value of 15 when x = 2 and the
value of 3 when x = 5.  Calculate a + b.

5. ________ In 1994, the average American drank 60 gallons of soft drinks.  How many
ounces per day of soft drinks did the average American drink in 1994?
There are 128 ounces in one gallon.  Express your answer to the nearest
whole number.

6. ________ Three consecutive prime numbers, each less than 100, have a sum that is a multiple
of 5.  What is the greatest possible sum?

7. ________ An oak rocking chair once owned by former President John F. Kennedy was sold in an
auction for $442,500.  This represents 8850% of its estimated value before the
auction.  How many dollars was the estimated pre-auction value?

8. ________ On her daily homework assignments, Qinna has earned the maximum score of 10 on
15 out of 40 days.  The mode of her 40 scores is 7 and her median score is 9.  What
is the least that her arithmetic mean could be?  Express your answer as a decimal to
the nearest tenth.

9. ________ Paul earns an hourly wage of $28.80 and earns hourly benefits worth $8.11.  What
percent of Paul�s earnings (wages & benefits) are his benefits?  Express your answer
to the nearest whole number.

10. _______ What is the greatest integer solution to π[ − <�� �� "

Workout 1
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Answers
1. -19 (C, M)

2. 9.17 (C, F)

3. 2.63 (C, F)

4. 19 (C, T)

5. 21 (C)

6. 235 (T, G, L)

7. 5000 (C)

8. 7.9 (T, E, C, L, S)

9. 22 (C)

10. 11 (C, G)

Workout 1

Solution and Representation � Problem #8
Representing the information in the format below will help us find the missing scores.  The

top row of numbers indicates the order of the 40 scores, in ascending order.  The bottom row of
numbers is the actual scores we know.  The stars represent the 15 scores of 10.  For the median to
be 9, the middle score, when all 40 scores are put in ascending order, must be 9.  Since there is an
even number of scores, the 20th and 21st scores are each 9, or they are 8 and 10.  If the 21st score is
a 10, then all of the scores 21-40 are 10�s.  We�re hoping for smaller numbers to keep the arithmetic
mean as small as possible.  Therefore, we should go with 9 and 9.

Now we can also fill in the 22nd-25th scores as 9�s, since we don�t want any more 10�s.

For the mode to be 7, there must be at least 16 scores of 7, since there were 15 scores of 10.
Again, trying to keep the arithmetic mean as small as possible, we can put the 7�s in the 4th-19th

places and eliminate the possibility of any more 9�s or 8�s.  Now we have the following information:

With this arrangement of scores we have met all of the criteria.  The only thing left to do is fill in
the remaining scores.  Filling these in with 0�s will lead us to the least arithmetic mean.  The sum of
Qinna�s scores is 3(0) + 16(7) + 6(9) + 15(10) = 316.  Dividing by 40 yields the arithmetic mean 7.9

Connection to ... Sports (Problem #3)
Many sports use mathematics to compare players� performances, to assess team

performance or to determine rules to ensure fairness in deciding championships.  A baseball player�s
batting average is a common statistic many people are familiar with.  What is a slugging percentage
in baseball?  What is the difference between these two statistics?  Check out some of the many
Web sites devoted to exploring math concepts found in different sports.

1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0
9 9 * * * * * * * * * * * * * * *

1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0
9 9 9 9 9 9 * * * * * * * * * * * * * * *

1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0
7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 9 9 9 9 9 9 * * * * * * * * * * * * * * *
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1. ________ If last month was July, then what month will it be 22 months from now?

2. ________ The maximum slope for handicap ramps was changed from �

��
 to �

��
.  What is the

positive difference of these slopes?  Express your answer as a common
fraction.

3. ________ How many natural-number factors does N  have if 1 = ⋅ ⋅� � �� � � "

4. ________ A building modeled after the Chicago Sears Tower consists of
nine square towers arranged in a three by three grid.  They
have congruent bases, and the heights, in feet, are indicated in
the grid to the right.  Which of the following is a side view of
the building from some direction?

5. ________ Let I [ [� � = −� �  and J [ [� � �= +�   What is the value of I J� � �� "� �+

6. ________ An oil tanker containing 108,000 gallons of oil releases one
third of its remaining volume every two hours.  How many
gallons have been released after the first six hours?

7. ________ What is the largest perfect square less than 225 that is a multiple of 9?

8. ________ Merina�s annual salary is a whole number of dollars between $42,400 and $42,500.
The digits in the hundreds, tens and units places are in strictly ascending order.
How many distinct possibilities exist for her annual salary?

9. ________ The area of a circular plate is ���π cm2.  What is the number of centimeters in the
radius of the plate?  Express your answer in simplest radical form.

10. _______ Three standard dice are tossed.  What is the probability that the sum of the
numbers on the tops of the three dice is 17 or greater?  Express your answer as a
common fraction.

Warm-Up 3
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Answers

1. June (C, S, M, T, P)

2. �

��
(C)

3. 24 (F, T, C, P)

4. D (P, E, M)

5. 5 (C, F)

6. 76,000 (C, T, F)

7. 144 (E, G, P, C, T)

8. 10 (T, C, P)

9. �� � (F, C)

10. �

��
(T, F, C, M)

Warm-Up 3

Solution � Problem #3
This is a very common problem in MATHCOUNTS materials, so we wanted to include a

detailed solution as early as possible in the Handbook.

For this problem, N  is already in prime factorization form, which is important when solving a
problem like this.  Taking just 23, there are four factors, or four ways the prime factor of 2 can be
used.  They are 20, 21, 22 and 23.  32 can be used in three ways.  They are 30, 31 and 32.  51 has two
possibilities; 50 and 51.  Thus, by the counting principle, (23)(32)(51) has (4)(3)(2) = 24 factors, or
24 ways in which the 2, 3 and 5 can be used to form a factor of the original value.  This principle is
illustrated below.  Some of the final factors are listed in the bottom row.

Representation � Problem #6
This picture represents the amount of oil

in the tanker after two-hour periods if all of the
oil is released at once at the end of the period
(rectangles), as well as the amount of oil remaining
at any time, assuming the release of the oil in each
two-hour period is steady (dotted line). After
6 hours there will be 32,000 gallons remaining,
meaning that there were 108,000 � 32,000 =
76,000 gallons released.

An algebraic representation of the event is
the following equation: ��� ��� ��� ��� �� �����

�

�

�

�

�
� � �− =1 64 94 9

Connection to ... Ramps (Problem #2)

Most public buildings have a handicap ramp.  Determine the slope of the ramps for the
buildings in your community.  You will need to measure the rise and the run for each ramp.

Factors of 2

Factors of 3

Factors of 5
Final factors
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1. ________ A 10 unit by 10 unit square is disassembled into unit squares.  Two separate squares
are then built using all of these unit squares.  What is the edge length of the smaller
of these two squares?

2. ________ The graph to the right shows the total
distance run by Lisa as a function of the
time that she has spent running.  To the
nearest whole number, what is her
maximum speed, in kilometers per hour,
at any point during the run?

3. ________ How many different isosceles triangles have integer side lengths and perimeter of
81 units?

4. ________ Bina and Andreas start at the same point on a circular track and begin running in
opposite directions.  After 35 minutes they are both back at the starting point.  Bina
has run 12 laps, while Andreas has run 17 laps.  How many times did they pass each
other during their run, not including the times they were together at the start and
finish?

5. ________ A number is chosen at random from the set of consecutive natural numbers
{1, 2, 3, �, 24}.  What is the probability that the number chosen is a factor of 4!?
Express your answer as a common fraction.

6. ________ Mr. Patrick is preparing a five-question true-false quiz for his class.  He flips a coin
before writing the first question.  If it is heads, he writes a true statement and if it
is tails, he writes a false statement.  He continues this until all five statements are
written.  What is the probability that the correct sequence of answers is TFTFT ?
Express your answer as a common fraction.

7. ________ How many distinct three-digit numbers can be written with the digits 1, 2, 3 and 4 if
no digit may be used more than once in a three-digit number?

8. ________ A relatively prime day is one where the month number (e.g. January = 1,
February = 2, etc.) and date of the month (1, 2, �, 31) have no common factor other
than 1.  Which month has the fewest relatively prime days?

9. ________ Kamera and a friend order one pizza that is half-pepperoni and half-vegetarian.
Kamera eats �

�
 of the pepperoni part and �

�
 of the vegetarian part.  What fraction

of the pizza did Kamera eat?  Express your answer as a common fraction.

10. _______ The figure shown has three circles tangent to each other
with radii of x, y and z units.  If x + y = 12, x + z = 14 and
y + z = 22, what is the product of the three radii?

Warm-Up 4
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Answers
1. 6 (C, G, E, M, T, F)

2. 15 (F, C, T)

3. 20 (T, C, E, P)

4. 28 (S, C, M, P, T)

5. �

�
(T, C)

6. �

��
(C, F, P, T)

7. 24 (T, E, F, C)

8. June (T, P, E)

9. �

��
(C, F, M)

10. 240 (C, G, S)

Warm-Up 4

Solution � Problem #10
 First let�s try to get each radius in terms of x.  Notice

the first equation, x + y = 12.  Subtracting x from both sides, we
see that y = 12 � x.  So we can put this value as the radius of the
bottom circle.  Solving the second given equation for z, gives us
z = 14 � x, which will now be the radius of the top circle.  The
third equation tells us that the distance from A to B in this
diagram is 22, and now using the new expressions for the y and z
radii, we can set up the equation (12 � x) + (14 � x) = 22.
Simplifying the left side we have 26 � 2x = 22.  Subtracting 26
from each side and dividing by �2 we have x = 2.  Therefore y = 10
and z = 12.  The product of the three values x, y and z is then 240.
(Notice the circles are not drawn to scale.)

An alternative solution would be to use the three given equations to
form one new equation.  The sum of the left sides of the equations is equal to
the sum of the right sides of the equations.  This will give us the new equation
2x + 2y + 2z = 48.  Dividing both sides by 2 yields our new fourth equation
x + y + z = 24.  Using this equation in conjunction with any of the original three
will also lead to finding the values of x, y and z.  For example, from the first equation in the list, we
know the sum of x and y is 12, which when substituted into our new fourth equation, leaves us with
12 + z = 24, so z =12.

Representation � Problem #9

Consider a circular pizza.  The central angles for pepperoni and
vegetarian can each be represented as 180° (since they are straight
angles).  Kamera eats �

�
 of 180° pepperoni and �

�
 of 180° vegetarian,

or 60° + 45° of the pizza.  This is 105° of the entire 360° which is
���

���

�

��
= .

We could consider a rectangular pizza.  Cut the rectangle into two
equal pieces for the pepperoni half and vegetarian half.  Cut the pepperoni
half into thirds and the vegetarian into fourths.  The part of the pizza eaten
by Kamera is �

�

�

�

�

�

�

�

�

�

�

�

�

��

�

��

�

��
⋅ + ⋅ = + = + =4 9 4 9 .

  �
�

�
�

RI   �
�

�
�

RI

x + y = 12
       + x + z = 14

y + z = 22
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Workout 2
1. ________ If a:b = 4:5 and b:c = 7:8, then what is a:c ?  Express your answer as a common

fraction.

2. ________ It costs 50 cents per pound for winter rye seed.  Three pounds of seed are needed
for 1000 square feet.  There are 640 acres in one square mile.  How many dollars will
it cost to seed a 20 acre field?  Express your answer to the nearest hundredth.

3. ________ The sum � � � � � � � �� � � � �+ + + + + = + + ÷��� � �� �Q Q Q Q .  What is the value of
�� �� ��� � �+ + +��� "

4. ________ In the March, 2001 Honda Classic Golf Tournament played in Coral Springs, Florida,
the amounts of the top ten prizes are shown in the table.  Sixty-nine additional
prizes were awarded making the total value of the prizes $3.2 million.  What was the
mean value in dollars of the 69 remaining prizes?  Express your answer to the
nearest whole number.

5. ________ How many positive multiples of 7 that are less than 1000 end with the digit �3�?

6. ________ The radius r of a circle inscribed within three mutually externally tangent circles of
radii a, b and c is given by � � � �

U D E F
= + + �   What is the value of r when a = 4,

b = 9 and c = 36?

7. ________ The base three number 120123 is equal to which base ten number?

8. ________ A quiz had only 3-point questions and 4-point questions.  The best possible score is
100 and there are 29 questions.  How many 4-point questions are there?

9. ________ A triangle has sides whose measures are 10, 23 and 27 units.  The perimeter of a
square is 60% of the triangle�s perimeter.  What is the area of the square in square
units?

10. _______ Let Q = ⋅ ⋅ ⋅� � � �� � � � �   How many natural-number factors does n  have?

Amount of Prize Number Awarded
$576,000 1
$238,933 3
$121,600 2
$96,400 4



MATHCOUNTS 2002�0356

Answers

1. �

��
(C, P)

2. 1306.80 (C, F)

3. 19,270 (C, P, S, F)

4. 18,528 (C)

5. 14 (P, T)

6. 1 (C, F)

7. 140 (C, F)

8. 13 (C, T, G)

9. 81 (C, F)

10. 312 (P, T)

Workout 2

Solution � Problem #1

Though ratios can be written in the form found in problem #1, with colons, it is often easier
to manipulate ratios when they are written in fraction form.  The problem states D

E
= �

�
 and E

F
= �

�
.

We are looking for the value of D
F

.  What is important to notice is that the denominator of the first
ratio, b, is the same as the numerator of the other ratio.  Because of this, notice how the product
D

E

E

F

D

F
⋅ =  gives us our desired ratio.  Therefore, D

F
= ⋅ = =�

�

�

�

��

��

�

��
.

Many students may be tempted to simply look at the information given in the problem and
say that the a matches with the 4 and the c matches with the 8, so we just need to put 4 and 8 into
their own ratio.  It is important to see that a is only 4 when b is 5, a is 8 when b is 10, a is 12 when b
is 15, and so on.  The value of a is not constant, it changes depending on b.  So which value of a
should we use?  We are trying to relate a to c, and the link between them is b.  Notice both are
related to b in the given proportions.  Therefore, if we set b, we can find the a and the c that
correspond.  The problem is that the b values are different in the given proportions.  What do we do
when trying to add fractions that have different denominators... we find their least common
multiple!  That�s what we�ll do for our two b values here.  The least common multiple of 5 and 7 is 35.
Therefore, when b is 35, we see that a is 28 and c is 40.  These are the values to use in the ratio of
a :c.  All that is left is simplifying the ratio.

Representation � Problem #8
The scenario in this problem lends itself well to at least two different representations.  The

first is a chart and the second is a system of equations.

Notice how the chart indicates the two types of questions
(3- and 4-pointers), the total number of points possible for the
3-pointers and 4-pointers and the total points possible for the
quiz.  The problem indicates that we are aiming to get a �100� in
the last column and our first and third columns need to add to 29.
Our first guess may be as shown: 21 3-pointers and 8 4-pointers.
Students can then adjust their guesses depending on whether
more points are needed or less points are needed.  Some students
will probably see that if we are short 5 points, as in this example,
we just need to change 5 of the 3-pointers to 4-pointers.

We can also set up two equations from the information provided.  Let�s let
x = # of 3-pointers and y = # of 4-pointers.  We know that x + y = 29 and we

know that 3x + 4y = 100.   We want to know when these two criteria are met
simultaneously.  By graphing each equation, we can see which point is on

both lines.  A graphing calculator may make the task of finding the
point of intersection easier.  We can see on this graph that when
x = 16 and y = 13, both requirements are met.

x + y = 29

3x + 4y = 100
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Warm-Up 5
1. ________ A graphic art designer�s annual salary is a whole number of dollars between $62,400

and $62,600.  If the hundreds, tens and units digits in her salary are all different
and in descending order, how many possibilities exist for her salary?

2. ________ Chris sleeps from 10:30 p.m. to 6:30 a.m.  At a random time during
the night, he awakens and looks at his clock.  What is the probability
that it is before midnight?  Express your answer as a common
fraction.

3. ________ Diane is writing a book with ten chapters, which have 17, 23, 14, 26, 21, 32, 36, 19,
24 and 30 pages, respectively.  The first chapter begins on page 1, and each
subsequent chapter must also begin on an odd numbered page, with a blank page
between chapters if needed.  What is the page number of the last page of the last
chapter?

4. ________ A chain with two links is 13 cm long.  A chain made from three
links of the same type is 18 cm long.  How many centimeters are
in the length of a chain made from 25 such links?

5. ________ The length and width of a right rectangular prism are each doubled and the height
remains the same.  By what factor is the volume of the original prism increased?

6. ________ What is the least four-digit positive integer, with all different digits, that is
divisible by each of its digits?

7. ________ One angle of a triangle has a measure of 70 degrees.  The other two angles have
degree measures in a ratio of 5 to 6.  What is the sum of the measures, in degrees,
of the two largest angles?

8. ________ P and Q are whole numbers such that � ��< <3  and � ��< <4 �   How many common
fractions 3

4
 exist if �

�
�< <3

4
"

9. ________ Simplify:  � � � �

� � � �

� �
� �

� �
�−

−

10. _______ The rectangular region bounded by the lines with equations x = 1.2, x = 2.6, y = -0.2
and y = d  has area 14 square units.  What is the greatest possible value of d ?
Express your answer as a decimal to the nearest tenth.
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Answers

1. 16 (T)

2. �

��
(C)

3. 246 (T, P, C)

4. 128 (C, P, M, S, F)

5. 4 (F, M, C, S)

6. 1236 (G, C, T)

7. 130 (F, P, C, G)

8. 13 (T, P)

9. 12 (C, G)

10. 9.8 (F, C, M)

Warm-Up 5

Solution - Problem #8
For this problem let�s use our reasoning skills to limit the number of options we have to test.

First, we should see that P can�t equal 1, since 1/1 and 1/2 are equal to the outer limits, and any
other larger denominator would create a fraction less than 1/2.  We also know that our value for Q
will have to be greater than our value for P; otherwise, our resulting fraction will be greater than 1.
However, we can�t make Q too big.  If Q is double the value or P, or larger, then our fraction will be
less than 1/2.  So for any P, we are looking for Q such that P < Q < 2P.  Let�s make a chart of our
options now for P and Q.  Remember, we can�t go above 9 for either.

P 2 3 4 5       6 7 8 9

Q 3 4,5 5,6,7 6,7,8,9       7,8,9 8,9 9

There appears to be 16 options.  However, the question did not ask how many pairs of P�s and
Q�s work, but rather how many common fractions exist.  These pairs, when written as numerators
and denominators, may not be in simplest form and we may have duplicates.  The pairs 4,6 and 6,9
are duplicates of 2,3, and the pair 6,8 is a duplicate of 3,4.  Therefore there are only 13 common
fractions.

Representation � Problem #2
The time period from 10:30 p.m. to 6:30 a.m. can be represented by 16 half-hour intervals.

Three of the 16 intervals occur before midnight.  The probability of awakening at a time before
midnight is �

��
.

Connection to ... Books (Problem #3)
Notice that if a chapter has an odd number of pages N, then the number of pages required

for that chapter is N + 1.  If a chapter has an even number of pages N, then the number of pages
required for the chapter is N.  Look at several novels to see if it is a general practice for publishers
to begin each new chapter on an odd-numbered page.  Develop an efficient way to predict the
number on the last page if you know the number of pages in each chapter.
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1. ________ A survey of 2000 shoppers showed that 1400 shop at M-Mart, 850 shop at Glen
Valley Market and 390 shop at both stores.  What percent of the shoppers do not
shop at either store?

2. ________ Track practice lasts for one hour from 2:30-3:30.  At a
randomly selected time during track practice, Tania looks at her
watch.  What is the probability that the minute and hour hand
on her watch form an acute angle?  Express your answer as a
common fraction.

3. ________ A certain type of fabric is woven from threads spaced so there are 120 threads per
inch in two perpendicular directions.  How many square inches of fabric can be woven
with 20 yards of thread?

4. ________ Suppose a, b and c are numbers satisfying D
E

= �

�
 and E

F
= ��

��
�   What is the value of

D

F
"   Express your answer as a common fraction.

5. ________ A tunnel in the Smoky Mountains is semicircular.  At a
distance of 12 feet from the center of the tunnel, the
tunnel has a height of 16 feet.  How many feet tall
is the tunnel at its center?

6. ________ What is the sum of the first 13 positive odd integers?

7. ________ How many different combinations of nickels, dimes and/or quarters equal exactly
60 cents?

8. ________ By how many degrees does the measure of an interior angle of a regular octagon
exceed the measure of an interior angle of a regular hexagon?

9. ________ What is the least natural number that will have a remainder of 3 when divided by any
of the numbers 4, 5, 6, 8 or 10?

10. _______ Yuliya has a piece of meat which measures 5�x 6�x 8�.  In order to make a stew, she
would like to cut pieces which measure 2�x 3�x 4�.  What is the maximum number of
such pieces she can cut from this piece of meat?

Warm-Up 6
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Answers

1. 7 (C, M)

2. �

�
(C, P, M)

3. 3 (C, S)

4. �

��
(C, P)

5. 20 (C, F, P)

6. 169 (C, F, T, P, S)

7. 13 (C, F, T, P)

8. 15 (C, F, T, M)

9. 123 (C, F, S)

10. 10 (M, G)

Warm-Up 6

Solution � Problem #10
We can find the maximum possible number by comparing the

volumes.  The volume of the entire piece of meat is the product of 5, 6 and
8, which is 240 cubic inches.  The pieces Yuliya would like to cut would each
be 24 cubic inches.  By dividing we can see that, at most, we can cut the
entire piece of meat into 10 such smaller pieces.  We now have to see
whether she can cut the large piece in such a way that does not waste any
meat.  The side measuring 5 inches will have to be cut into 2 inches and
3 inches to avoid any waste (top picture).  The piece that is now 3 by 6 by 8
can be cut as shown in the second picture, and the piece that is now 2 by 6
by 8 can be cut as shown in the third picture.  There is no wasted meat, so
it is possible to cut exactly 10 smaller pieces having the desired
measurements.

Representation � Problem #1
This type of problem lends itself perfectly to a Venn diagram.  Using a diagram like this, we

get a visual picture of the relationships between the four types of shoppers (only M-Mart shoppers,
only Glen Valley Market shoppers, shoppers at both and
shoppers at neither).  The left circle represents all the Glen
Valley shoppers; notice some of them are also in the M-Mart
shoppers� circle, meaning they shop at both stores.  There are
390 shoppers in the area shared by the two stores/circles.
Therefore, there are 850 � 390 = 460 shoppers who just shop
at Glen Valley and 1400 � 390 = 1010 shoppers who just shop at
M-Mart; meaning 460 + 1010 + 390 = 1860 of the 2000 shoppers
represented in the rectangle shop at one or both stores.  The
remaining 140 shoppers represent 7% of the shopping population.

Connection to ... Perfect squares (Problem #6)
Examine the consecutive perfect squares illustrated

here.  Notice that each perfect square is the sum of consecutive
odd integers starting at 1.  It appears that n 2 is equal to the
sum of the first n odd integers.  This pattern suggests that the
sum of the first 13 odd integers is 132 = 169.

1     4        9          16
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Workout 3
1. ________ It takes the earth about 31,558,100 seconds to circle the sun.  By how many seconds

does this exceed the number of seconds in 365 days?

2. ________ There are 15,000 endive lettuce seeds in an ounce and 300 seeds in a packet.  The
seeds cost $1.50 per packet.  What is the cost, in dollars, of one ounce of seeds?

3. ________ The three-digit number �ab5� is divisible by 3.  How many different three-digit
numbers can �ab5� represent?

4. ________ Margaret is driving from Austin, TX to Washington, D.C., a distance of 1500 miles.
Her car uses one gallon of gasoline for every 25 miles she travels, and gasoline costs
$2 per gallon.  She will be reimbursed by her company at a rate of 30 cents per mile.
How many dollars will she have left from the reimbursement after buying gasoline?

5. ________ A fair eight-faced die with faces numbered 1, 2, 3, 4, 5, 6, 7 and 8 is
tossed six times and the sequence of numbers is recorded.  How many
sequences are possible?

6. ________ There were 870 tickets sold at a fundraiser for $5 each.  Ten prizes were
awarded from this money: one prize of $500, two prizes of $250 each,

three prizes of $100 each and four prizes of $50 each.  What
percent of the money collected from the ticket sales was left after
the prizes were awarded? Express your answer to the nearest tenth.

7. ________ Two different numbers are randomly selected from the set {1, 2, 3, 4, 5, 6, 7}.
What is the probability that their sum is at least 7?  Express your answer as a
common fraction.

8. ________ A pizza with diameter 16 inches is cut into 6 congruent
slices, and each slice is placed flat in a rectangular box
with one edge of the slice along one edge of the box.
What is the least possible area, in square inches, of the
bottom of this box?  Express your answer as a decimal to
the nearest tenth.

9. ________ If a:b = 3:7 and b:c = 5:4 then what is the value of (a  + c):c ?  Express your answer
as a common fraction.

10. _______ What is the least positive integer value of n  such that 28(n) is divisible by 365?
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Answers
1. 22,100 (C)

2. 75 (C, M)

3. 30 (T, C, P)

4. 330 (F, C)

5. 262,144 (F, C, S)

6. 65.5 (C)

7. �

�
(P, T, C)

8. 55.4 (F, C, M)

9. ��

��
(S, C, P)

10. 365 (F, C, S)

Workout 3

Solution � Problem #8
Since the pizza is cut into six congruent pieces, we know that the

central angle of each piece is 60°.  We also know that each straight edge
of the pizza piece is 8 inches since the diameter of the pizza is 16 inches.
The box is rectangular, signifying that each corner is a 90° angle.
Therefore, we can label everything in this figure according to the given
information.  Notice the right triangle that is formed is a 30-60-90 right
triangle, a triangle with special relationships among its sides.  We know
the length of the hypotenuse is 8 inches.  The short leg of the triangle
(opposite the 30° angle) will be half the length of the hypotenuse, or 4 inches.  Finally, x will be the
product of the short leg and � , which is � � .  Finding the area of the box is now easy.  It will be
the product of the length and the width, or � � � ���× ≈ �  square inches.

Representation � Problem #5
Let�s represent this problem as a simpler case; a four-sided tetrahedral die, rolled only

twice.  The results of the rolls can be represented with a tree diagram, as shown below.

Notice that we have 4�4 or 42 possible outcomes for the two rolls.  Using the same method, the
answer to the original problem will be 8�8�8�8�8�8 or 86 possible outcomes.

Connection to ... Science (Problem #1)
How is this problem related to the idea of leap years?  Beginning in a year XX00, in what

years do leap years occur?

    1      2   3 4

1 2 3  4     1  2  3  4     1  2  3  4     1  2  3  4

first roll

second roll

This branch represents a roll
  of 2 followed by a roll of 3.
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1. ________ A triangle with a height of 24 inches has the same area as a rectangle 12 inches by
6 inches.  How many inches long is the base of the triangle that corresponds to the
24-inch height?

2. ________ Rohan plans to open a bank for his friends.  Some friends will allow him to keep their
money in savings, and others will borrow money from him.  The charts below describe
the amounts that students are saving and borrowing from him.  What is the least
possible value, in dollars, of the money that Rohan is currently keeping in his bank?
Express your answer to the nearest whole number.

3. ________ A group of N  students, where N < 50, is on a field trip.  If their teacher puts them
in groups of 8, the last group has 5 students.  If their teacher instead puts them in
groups of 6, the last group has 3 students.  What is the sum of all possible values of
N ?

4. ________ An environmental agency needs to hire a number of new employees so that 85 of the
new employees will be able to monitor water pollution, 73 of the new employees will
be able to monitor air pollution and 27 of the new employees will be able to monitor
both.  What is the minimum number of employees that need to be hired?

5. ________ When the length of an object is given to the nearest quarter-inch, the measurement
could be off by a maximum of what part of an inch?  Express your answer as a
common fraction.

6. ________ What is the sum of all integer values of x such that ��

� ��[ −  is an integer?

7. ________ A palindrome is a number that reads the same forward as backward.  How many
3-digit palindromes are multiples of 3?

8. ________ The 52-digit whole number N  = 200�003 consists of fifty zeros between the digits
2 and 3.  How many digits are zero in the decimal expansion of 1 �  ?

9. ________ The product of the base seven numbers 247 and 307 is expressed in base seven.
What is the base seven sum of the digits of this product?

10. _______ Let a, b, c, d and e be whole numbers.  The sum of the four
numbers on each of the five longest line segments of the
star is the same.  If a = 18, what is the value of b?

Warm-Up 7

Amount put in for savings
Value of accounts Number of accounts

$0.01-$20.00 3
$20.01-$40.00 4
$40.01-$60.00 6
$60.01-$80.00 2

Amount taken for loans
Value of loan Number of loans
$0.01-$20.00 5

$20.01-$40.00 3
$40.01-$60.00 1
$60.01-$80.00 1
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Answers
1. 6 (C, F)

2. 80 (C, T)

3. 66 (C, E, G, T)

4. 131 (C, M, S)

5. �

�
(C, P)

6. 46 (C, E, G, T)

7. 30 (T, C, P)

8. 99 (C, S, P, T)

9. 6 (C, F)

10. 20 (C, F, S, E, G)

Warm-Up 7

Solution � Problem #6
If ��

� ��[ −  is an integer, then 2x � 23 must be a factor of 67.  Since 67 is prime, the only
integer factors are 1, �1, 67 and �67.  Solving the following four equations will give us all of the
possible values for x.

                      
� �� � � �� � � �� �� � �� ��

�� �� �� ��
[ [ [ [

[ [ [ [
− = − = − − = − = −

= = = = −

Adding the four possible values for x gives us a sum of 46.

Representation � Problem #9

There are many ways to represent numbers.  We feel comfortable with 13; some people will
see that the same value can be written XIII in Roman numerals.  The number 13, as we are used to
it, is in base ten (the value is made up of 1 �10� and 3 �1�s�).  In base seven we would write the same
value as 167 (because the value is made up of 1 �7� and 6 �1�s�).

One way to solve problem #9 is to convert the numbers to their base ten
representations ( �� ��× ), multiply (378), and then convert the answer back to
base seven.  However, it is quicker to do the mutiplication in base seven directly.
The method we use for base ten multiplication will work, but we have to remember
that we �carry� 7�s instead of 10�s.  Notice in the procedure to the right, when the
3 and 4 are multiplied, the answer is 12 in base ten, which is equal to 7 + 5 or 1 �7�
and 5 �1�s�, so we put down the 5 and carry the 1 (or the 1 group of 7).  Next we
had the product of 3 and 2, plus the 1 that had been carried.  Again, in base ten, that�s equal to 7,
which in base seven is 1 �7� and 0 �1�s�, so we put down 10.  In the final adding process, there are no
sums greater than 6, so there is no �carrying� of 7�s to be done.  The sum of the digits is 6.

Connection to ... Banking (Problem #2)

Though this problem does not mention it, borrowing money from banks can be expensive.
There is a cost to borrow money; extra money that you have to pay known as interest.  You may have
heard of the term �interest rates.�  Investigate the interest rates of the banks in your area.  How
do the different rates affect a loan of $250,000 to purchase a home if you have 30 years to pay
back the loan?

       2  47
       3  07
       0  0
1  0  5  0
1  0  5  07

x

+

1
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Warm-Up 8
1. ________ A tetromino consists of four unit squares joined together edge to edge.

                         How many non-congruent tetrominoes exist?  (Two tetrominoes that are mirror-
images of each other, or rotations of each other, are congruent tetrominoes.)

2. ________ What is the sum of the whole-number factors of 24?

3. ________ Evaluate:  �

� �

�

� �

�

� �� � �
�+ − ++ +   Express your answer as a common fraction.

4. ________ What is the product of all possible digits x such that the six-digit number 341,4x7 is
divisible by 3?

5. ________ A Chicago subway card is worth $11.  For each ride on the subway, either $1.50 or
$1.80 is deducted from the value remaining on the card.  What is the least number
of cents that could be left on the card after any number of rides?

6. ________ What is the positive difference between the probability of a fair
coin landing heads up exactly 2 times out of 3 flips and the
probability of a fair coin landing heads up 3 times out of 3 flips?
Express your answer as a common fraction.

7. ________ The sum of the reciprocals of three distinct natural numbers is ��
��

.  What is the
least possible product of three such natural numbers?

8. ________ The digits from 1 to 6 are arranged to form a six-digit multiple of 5.  What is the
probability that the number is greater than 500,000?  Express your answer as a
common fraction.

9. ________ The measures of the three angles of a triangle are in a ratio of 4:5:6.  What is the
measure in degrees of the greatest supplement of these three angles?

10. _______ What is the value of the least base ten number which requires six digits for its
binary representation?

Not TetrominoesTetrominoes
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Answers

1. 5 (P, M, T)

2. 60 (C, T)

3. ��

��
(C, F)

4. 80 (C, T, G, P)

5. 20 (T, C, P, G)

6. �

�
(F, T)

7. 30 (G, C, T, S)

8. �

�
(C, T, S, P)

9. 132 (F, C)

10. 32 (F, G)

Warm-Up 8

Solution � Problem #5
The first thing you may do is see how many times $1.80 can be deducted from $11.  This can

happen 6 times with 20 cents remaining.  Once you have found that you can get down to $.20, how do
you know that you can�t do any better?  Notice that both $1.50 and $1.80 are multiples of 30 cents,
so any amount deducted from the card will be a multiple of 30 cents.  The largest multiple of 30
that is less than 1100 is 1080, so we can�t deduct more than 1080 without using more than $11.
Therefore, 20 cents is the least number of cents that could be left on the card after any number of
rides.

Representation � Problem #2
To represent the whole-number factors of any number with two prime factors you can

create a chart based on those factors, as shown below.  Since 24 = 8�3 = 23�3, create a chart with
the factors of 23 along the top and the factors of 3 along the left.

20=1 21=2 22=4 23=8

30=1 30�20=1 30�21=2 30�22=4 30�23=8

31=3 31�20=3 31�21=6 31�22=12 31�23=24

The values inside the cells are found by multiplying the top and left headings for that cell.
To solve problem #2 in the Warm-Up, the values in the eight cells are added.  Notice we can factor
this sum: � � � � � � � � � � � � � � � � � � � � � � � � � � �� �+ + + + ⋅ + ⋅ + ⋅ + ⋅ = + + + + + + + = + + + +� � � � � �� � , which
is the product of the sum of the top row headings and the sum of the left column headings, or the
product of the sum of the possible powers of 2 and the sum of the possible powers of 3.

Knowing this, we can easily find the sum of the whole-number factors of any number; let�s
try 90.  The prime factorization of 90 is 2�32�5.  Therefore, the sum of its whole-number factors is
� �� �� � � �� �� � �� � � � � � � � � � � � � � ���� � � � � � �+ + + + = + + + + =   (We also know that since the exponents
of the three prime factors are 1, 2 and 1, there are 2�3�2 = 12 whole-number factors.)

Connection to ... Best buys (Problem #5)
Going back to the Chicago subway card, you may be interested to know that an $11 card can

be purchased for $10.  Is this a good buy?  It will be if you use at least $10.  What happens if you
take 3 rides for $1.50 and 3 rides for $1.80?  You have only used $9.90, which leaves too little for
another ride.  (Fortunately it is possible to add more money to your card, so that $1.10 does not go
to waste, but many people don�t bother to add money and simply throw out the card!)
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Workout 4
1. ________ A soldier fires a rifle and hits a practice target 1200 meters away.  The bullet

travels 800 meters per second and sound travels 350 meters per second.  How many
seconds after firing the rifle does the soldier hear the bullet strike the target?
Express your answer as a decimal to the nearest tenth.

2. ________ A gardener has 50.24 feet of wire.  She will temporarily enclose a garden area to
protect it from foot traffic.  She is considering either a circular area or a square
area.  How many more square feet will the area of the garden be if she chooses to
use all of the available wire to enclose a circular area rather than a square area?
Express your answer to the nearest square foot.

3. ________ In Nashville, electrical power costs $.06178 per kilowatt·hour.
Ashley�s hairdryer uses 1875 watts, and she uses it for ten minutes
every day.  How many dollars does the electricity she uses to dry her
hair for 365 days cost?  Express your answer to the nearest
hundredth.

4. ________ How many natural numbers less than 1000 have exactly three distinct positive
integer divisors?

5. ________ Alan has thrown 24 football passes and completed 37.5% of them.
What is the least number of additional passes he will have to
complete if he wants an overall completion rate greater than 62%?

6. ________ The perimeter of a rectangle is 112 cm and its area is 640 cm2.  The product of its
diagonals is x cm2.  What is the value of x ?

7. ________ Assume that it takes 20,000 more seconds for the earth to circle the sun than the
length of a year in our calendar.  If we did not correct with leap years, after how
many full years would this discrepancy first accumulate to at least a full week?

8. ________ At M & P�s Deli, two pastrami sandwiches and five sodas cost $12.65, while three
pastrami sandwiches and two sodas also cost $12.65.  How many dollars would seven
pastrami sandwiches and twelve sodas cost?  Express your answer as a decimal to the
nearest hundredth.

9. ________ Solve for n : �
� �

� �

� �

�

=
+ +

+

Q �

10. _______ In triangle ABC, AB = 10, BC = 21 and AC =17.
The altitude $'  is drawn.   What is the ratio
of the perimeter of triangle ABD to the
perimeter of triangle ADC?  Express your
answer as a common fraction.
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Answers
1. 4.9 (C)

2. 43 (C, F, M)

3. 7.05 (C)

4. 11 (T, P, F)

5. 16 (C, G)

6. 1856 (M, P, C, F)

7. 31 (C)

8. 37.95 (C, P)

9. 15 (C, P)

10. �

�
(M, G, C, F)

Workout 4

Solution � Problem #10
From the given information, we know we need to find the legs of a right triangle with the

hypotenuse measuring 17 units and a right triangle with the hypotenuse measuring 10 units that can
share one of those legs.  Triangles with sides 8-15-17 and 6-8-10 are right
triangles.  These Pythagorean triples share a common length of 8, so the
height AD could be 8.  Since that would make BD = 6 and CD = 15, we just
need to be sure that BC = 21; and it does!  So the dimensions are as
shown.  The perimeter of triangle ABD = 24 and the perimeter of
triangle ACD = 40, so the ratio is �

�
.

Another solution starts with finding the area of triangle ABC with the semiperimeter
formula.  The semiperimeter (s ) is half of the perimeter and a, b and c are the side lengths of the
triangle: Area = V V D V E V F� � � � � �− − − = �� �� �� � � � � � � � � � ��� �� � � = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ = .  If the area is
84 square units, then using 21 as the base and AD as the height of the triangle, we can use a
different area formula and see that 84 = �

�
(21)(AD), so AD = 8.  From here we can find the needed

perimeters and finish answering the problem.

Representation � Problem #8
Visual models can be used to solve this problem.  Let�s let a square represent a sandwich and

a star represent a soda.  Since both of the totals are equal, we can think of a balance:

If 2 sandwiches and 2 sodas are removed from each side, it is clear that 1 sandwich costs
the same as 3 sodas:

Since 2 sandwiches will equal 6 sodas, we know that the cost of 2 sandwiches and 5 sodas is
the same as the cost of 11 sodas.  Since this is $12.65, each soda costs $1.15.  That means each
sandwich costs $3.45 and 7 sandwiches and 12 sodas cost $37.95.  (Notice that the final order is
two sets of symbols on the left side added to one set of symbols on the right side of the original
balance.  That would make 2($12.65) + 1($12.65) = 3($12.65) = $37.95.)
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Warm-Up 9
1. ________ The ratio of the length to the width of a rectangle is 12 to 5 and the area of the

rectangle is 540 square units.  What is the number of units in the length of the
rectangle?

2. ________ A truck driver averaged 55 miles per hour for five hours of his shift
and 65 miles per hour for the remaining three hours of his shift.
What was the total number of miles he drove?

3. ________ The sum of two numbers is 15.  One number is doubled and the other is tripled.  The
sum of the two new numbers is 39.  What is the positive difference between the
original numbers?

4. ________ A line is described by the equation  \ [− = −� � �� � �   What is the sum of its
x-intercept and y-intercept?

5. ________ Which of the following has a value closest to 1:

A)         B)      C)    D)       ?

6. ________ What is the least natural number that has exactly four distinct positive factors?

7. ________ What is the sum of all integer multiples of 3 between  �118 and 128?

8. ________ A point having whole-number coordinates is selected at random from the line
20x + y = 100.  What is the probability that the sum of the coordinates is less than
30?  Express your answer as a common fraction.

9. ________ The horizontally and vertically adjacent points in this square grid are 1 cm apart.
How many square centimeters are in the area of square ABCD?

10. _______ For positive integers x and y, � � �

��[ \
+ = �   What is the least possible value of [ \+ "

����

����

����

����

�� ���

���

�

� �− − 4 9
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Answers
1. 36 (C, G, F)

2. 470 (C, F)

3. 3 (C, G)

4. -21 (C, F)

5. C (C, E)

6. 6 (G, T)

7. 369 (P, C, T)

8. �

�
(T, M, E)

9. 5 (P, F, M)

10. 10 (G, C, T)

Warm-Up 9

Solution � Problem #10

By getting a common denominator, let�s rewrite � � �

��[ \
+ =  as 

[ \

[\

+ = �

��
.  We are asked for

the least possible value of x + y.  Since x and y are positive integers we are looking for positive
integer factor pairs of 12 whose sum is 5.  The possible values for x and y are (1, 12), (2, 6) and
(3, 4).  None of these pairs have a sum of 5.  The fraction ��

��
is the next equivalent fraction with

integer numerator and denominator.  Possible values of x and y are (1, 24), (2, 12), (3, 8) and (4, 6).
The pair 4 and 6 add to ten, so 10 is the least possible value for x + y.

Representation � Problem #5
This problem can be solved without the use of a calculator when we consider the

representations of each of the values as a distance from 1.  Since distances are positive, some
calculations (B & D) will require us to use the absolute value when subtracting from 1.

A.  � ����
����

���� ����
����

�
����

�− =
−

= XQLWV IURP

B. � ����
����

���� ����
����

�
����

�− =
−

= XQLWV IURP

C.  � � � � � �
����

� ���� �
����

���� ����
����

�
����

���− − = − −���
�
�� = −

−�
��

�
�� =

−
=−4 9 XQLWV IURP

D. � ���
���

� ��� �
���

� �� ���
�� ���

�� ��� �� ���
�� ���

���
�� ���

����
����

�
� �

�
− ���

�
�� = −

+
= − =

−
= − =

� � �
�

� �
� �

XQLWV IURP

From these resulting four representations of the values, choice C is the least distance from 1.

Connection to ... Pick�s Theorem (Problem #9)

Most measurement formulas we learn are based on the shape in question, like the area of a
square or the volume of a sphere.  One measurement formula which would be useful for this problem
has nothing to do with the shape involved, but only the number of lattice points on the boundary and
in the interior of the shape.  The formula, called Pick�s
Theorem, tells us that $ ,%= + −

�
� , where B is the

number of lattice points on the border (sides) of the
shape, and I is the number of interior lattice points.
Notice that both shapes here have the same area,
based on Pick�s Theorem.
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1. ________ How many prime positive integers are divisors of 555?

2. ________  Calculate the product �

�

�

�

�

��

����

����4 94 94 9 4 9��� �   Express your answer as a common
fraction.

3. ________ Three segments are chosen at random from six segments having lengths of 2, 3, 5, 6,
7 and 10 units.  What is the probability that the three segments chosen could form a
triangle?  Express your answer as a common fraction.

4. ________ A fair six-faced die is rolled.  Statement P is �true� if the die reads 1 or 2.
Otherwise P is �false.�  Statement Q is �true� if the die reads an even number.
Otherwise Q is �false.�   What is the probability that statement P or Q is �true?�
Express your answer as a common fraction.

5. ________ The square of the sum of three consecutive positive integers is six less than the sum
of the factorials of the three integers.  What is the sum of the three integers?

6. ________ How many lines of symmetry does a regular hexagon have?

7. ________ What is the base five product of the numbers 1215 and 115?

8. ________ Moon has five boxes labeled 1, 2, 3, 4 and 5 which are arranged in increasing order
from left to right.  She wants to get them into descending order from left to right.
To do this, she will repeatedly switch the order of two adjacent boxes.  What is the
fewest number of switches needed to achieve the desired order?

9. ________ A 3" x 5" piece of paper can be rolled to form a cylinder by taping either pair of
parallel edges together.  What is the ratio of the volumes of the larger cylinder to
the smaller cylinder obtained in this way?  Express your answer as a common
fraction.

10. _______ Each element of the integer triangle shown to the right
is a triangular number.  What is the sum of the
elements in the 5th row?  (The n th triangular
number is n = 1 + 2 + 3 + ... + n .)

Warm-Up 10

1

3 6

10 15 21

28 36 45 55

66 _ _ _ _
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Answers

1. 3 (C, F, G, P)

2. �

���
(C, P, S)

3. �

��
(T, E)

4. �

�
(T, S, C)

5. 12 (G, C)

6. 6 (T, P, M)

7. 13315 (C, F, S)

8. 10 (C, T, P, M)

9. �

�
(C, M, F)

10. 460 (F, P, C)

Warm-Up 10

Solution and Representation � Problem #10
The triangular numbers are 1, 1+2, 1+2+3, 1+2+3+4, and so on.  If we determine the next four

numbers needed in this problem, and calculate the sum, we get 66 + 78 + 91 + 105 + 120 = 460.

This problem�s solution, as well as any like it, can be represented in Pascal�s triangle.  The
triangular numbers occur in the 3rd diagonal and the sums of the triangular numbers occur in the 4th

position from the left for any row containing the fourth diagonal.  Let�s look at the sum of the first
four triangular numbers (1+3+6+10=20).  This sum occurs in the 7th (or N +3rd) row and in the 4th

entry to the right, otherwise known as the �choose 3� position.  So if N = 4 (the first 4 triangular
numbers), their sum is expressed as 

� �

� ��

�� ��
�
� �1

1

1
&+

+
−= = =� �

�

� �
�
� �

�� .  (Notice we use N +2 in the
formula when the entry is in row N +3.)

For the Warm-Up, we are trying to find the sum of the 11th through 15th triangular numbers
which is equivalent to finding the sum of the first 15 triangular numbers less the sum of the first
10 triangular numbers: ��

� ��

��

� �

�� �� ��

� �

�� �� ��

� �
�� � � � �� � �� �� �� �� ��� ��� �����

� �

�

� �
− = − = ⋅ ⋅ − ⋅ ⋅ = ⋅ − ⋅ = − =⋅ ⋅

⋅
⋅ ⋅

⋅

Connection to ... Relationships of volumes (Problem #9)

As in problem #9, is it true that the volume of a cylinder formed by joining the shorter pair
of parallel edges will always be greater than the cylinder formed by joining the longer pair of
parallel edges of a rectangle?  Let�s let h = shorter edge and h + x = longer edge.

& K [

G

U

9 K

9

& K [

K [

K [

K K [ K[

= +

= =

=

= ⋅

=

+

+

+

+ +

π π

π

π

π

π

�

�

�

�

�

� � �

4 9

& K
G

U

9 K [

9

& K

K

K

K K [

=

= =

=

= +

= +

π π

π

π

π

π

�

�

�

�

� �

3 8 2 7

h

h +x
join
shorter
edges:

join
longer
edges:

...................  COMPARE  ...................

1

1 1

1 2 1

1 3 3 1

1 4 6 4          1

1 5 10 10 5 1

1 6 15 20 15 6 1

sums of triangular numbers

triangular numbers

V

V

V

V

Another formula for the
  sum (S ) of the first n

triangular numbers is:
    6 Q Q Q= + +� �� �� �

�
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1. ________ The buttons for the digits 0 through 9 have been rearranged on Yu-jays� calculator,
so that every button is on the wrong digit.  Thinking that the buttons are correct, he
enters the following computations and gets the following results: �� �� ���× =  and
� � ��× = �   (The screen still displays the answers as if the buttons had not been
rearranged.)  What answer will show on the screen if Yu-jay enters �� ��+ "

2. ________ Pallavi and Rochelle have made tables to show the distances from their home to
members of their extended families.  What is the least number of miles d for which
you can be sure that Pallavi has more family members living within a distance d  from
her house than Rochelle has living within a distance d of her house?

3. ________ The measure of angle ABC is � ���[ +  degrees.  If ray BD bisects angle ABC such
that the measure of angle ABD is  [ � ��+  degrees, then what is the positive value
of x, as a decimal to the nearest hundredth?

4. ________ The lines \ [ \ [= + = − −� � � ���  and \ [ N= +�  intersect at the same point.
What is the value of k ?

5. ________ The base of a rectangle has a measure of � ��[ − units.  Its height has a measure of
�� �− [ units.  How many integer values are possible for x ?

6. ________ Cara has 162 coins in her collection of nickels, dimes and quarters, which has a total
value of $22.  If Cara has twelve fewer nickels than quarters, how many dimes does
she have?

7. ________ What is the value of D E F G H I+ + + + +  for the decimal representation of
�

��

�

��

��

��
+ + = � ��� "DEFGHI

8. ________ For how many three-digit natural numbers is the sum of the digits equal to 5?

9. ________ What is the probability that a person beginning
at Start will end up in room B, and not room A,
if at each vertex, each path is equally likely to
be followed?  Express your answer as a common
fraction.

10. _______ The Armstrongs order 30 cubic yards of topsoil and spread it
evenly on their rectangular yard that measures 50 feet by
60 feet.  What is the number of inches in the depth of the topsoil
on the yard?  Express your answer as a decimal to the nearest hundredth.

Workout 5

Pallavi�s family
Distance in miles No. of family members

0-50 4
51-100 10
101-250 12
251-500 12
501-1000 2

Rochelle�s family
Distance in miles No. of family members

0-10 5
11-150 11

151-200 10
201-400 8
401-600 3
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Answers
1. 55 (E, G, T, P)

2. 500 (M, G, E, T)

3. 6.48 (C, F)

4. -5 (C)

5. 10 (F, T, C)

6. 70 (F, C)

7. 24 (C)

8. 15 (T, P)

9. �

�
(C, T, M)

10. 3.24 (C, F)

Workout 5

Solution � Problem #1
We know that the first product was 391, and that can only be the product of the factors 23

and 17, if both factors are two-digit numbers.  So, when Yujay typed �47� he really entered either
23 or 17.  Since we know that every number has an incorrect label on it, we know that Yujay�s �47�
could not have been 17 and therefore the �4� is on the 2 and �7� is on the 3.  We also know then that
�3� is on the 1 and �2� is on the 7.  From the second equation we know that �6� must be on the 4.  So
when Yu-jay types �46� + �73,� he is really entering 24 + 31, and he gets the answer of 55.

Representation � Problem #4
If this problem is represented with a graph we see that the three

lines must physically intersect at one point.  We can find the point of
intersection for the first two lines, and we will then know the slope and a
point that the third line ( \ [ N= +� ) must pass through.  Using a graphing
calculator we can quickly see that the point of intersection is (�4, �17).
Therefore, we know that �17 = 3(�4) + k, so k = �5.

We can also represent this problem as a system of equations;
3 equations and 3 unknowns.  To make it easier, we should first notice we have
2 equations with 2 unknowns with the first 2 equations.  Since y = 5x + 3, by
substitution into the second equation, we have 5x + 3 = �2x � 25.  After solving for x
and substituting in to solve for y, we have x = �4 and y = �17.  Finally, using our third equation,
�17 = 3(�4) + k ; k = �5.

Representation � Problem #6
This chart reveals an interesting pattern that emerges and the relationship that exists

between the number of quarters, nickels and dimes.

Notice that increasing the number of quarters by 1 (or 25 cents) means that the number of
nickels will need to increase by 1 (or 5 cents) and the number of dimes will therefore have to
decrease by 2 (or 20 cents) to keep the total number of coins at 162.  Therefore, that one set of
changes is a net worth of 10 cents.  Since the first row with 40 quarters is $1.20 shy of our desired
total (or 12 sets of 10 cents), we simply need to increase our number of quarters by 12 to get
52 quarters, increase our number of nickels by 12 to get 40 nickels and decrease our number of
dimes by 24 to get 70 dimes: 52(.25) + 40(.05) + 70(.10) = $22.00.

#Quarters #Nickels      #Dimes Total Value
40 40 - 12 = 28      162 - (40 + 28) = 94 $20.80
41 41 - 12 = 29      162 - (41 + 29) = 92 $20.90
42 42 - 12 = 30      162 - (42 + 30) = 90 $21.00

(0, k)
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1. ________ The number 839 can be written as 19q + r  where q  and r  are positive integers.
What is the greatest possible value of q � r ?

2. ________ A point is selected at random from the interval − ≤ ≤�� ��[ �   What is the
probability that the coordinate of the point is a solution of [ ≥� "   Express your
answer as a common fraction.

3. ________ How many terms of the sequence � � � �� � � ����  are less than or equal to 20?

4. ________ A circle centered at the origin has a radius of 6 cm.  The circle is rotated about the
line y = x  to form a sphere.  What is the number of cubic centimeters in the volume
of the sphere?  Express your answer in terms of π .

5. ________ N  is the four-digit natural number �abcd �  and has the property that a � c = b + d.
What is the greatest possible value of N ?

6. ________ Jeremy starts jogging at a constant rate of five miles per
hour.  Half an hour later, David starts running along the same
route at a constant rate of seven miles per hour.  For how
many minutes must David run to catch Jeremy?

7. ________ A rule allows Susan to replace an integer n  with another integer � �D E×  provided
Q D E= + �  where a and b are positive integers.  For example, 7 can be expressed as
� �+  and can then be replaced with � �� �×  or 12.  What is the greatest integer
Susan can obtain by applying the rule four times starting with the number 5?

8. ________ Pamela wants to make a quilt using fabric squares that are pre-cut to three inches on
a side.  One-fourth of an inch on each side is the margin for the seam and will be
sewn under and out of view.  How many of these fabric squares will she need to make
a square quilt with side length five feet?

9. ________ What is the base two representation of the sum of the binary numbers 10112 and
1112?

10. _______ Suppose a, b, c and d are integers satisfying: a � b + c = 3, b � c + d = 4, c � d + a = 1
and d � a + b = 6.  What is the value of a + b + c + d ?

Warm-Up 11
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Answers

1. 41 (T, G, C)

2. �

��
(M, C, T)

3. 400 (P, S, C)

4. ���π (F, C)

5. 9900 (G, E, P)

6. 75 (M, F, C)

7. 100 (C, G, P)

8. 576 (C, F, M)

9. 100102 (C, F, T)

10. 14 (C, P, G)

Warm-Up 11

Solution � Problem #10
It is possible to solve a system of equations like this one for each variable.  However, since

we only need to find the value of the sum a + b + c + d, we can combine these equations to answer the
problem in an easier way, rather than taking the time to solve for each variable individually.  The
goal is to combine the equations in some way to get the expression we are looking for.  Notice that if
you combine the first two equations, you find that a + d = 7.  If you combine the last two equations,
you find that b + c = 7.  Combining these two new equations together yields a + b + c + d = 14.

Representation � Problem #6
Let�s represent the information for this problem in the following table:

     Time since Jeremy started running

.5 hr 1 hr 1.5 hr 2hr 2.5 hr 3hr

Jeremy�s Distance 2.5 5 7.5 10 12.5 15

David�s Distance 0 3.5 7 10.5 14 17.5

In the table we can see that David will pass Jeremy between the 1.5-hour and 2-hour mark.
We can actually see that they will be at the same distance at the half-way point of these two times,
which is 1.75 hours or 105 minutes from Jeremy�s start time; or 75 minutes of David running.

From the information given in the problem and shown in the table,
we can also represent Jeremy�s distance by the equation d = 5t and David�s
distance can be represented as d = 7(t � .5), where t is still the time since
Jeremy started running.  We can then graph both equations and the point
of intersection can be located.  A graphing calculator will help.  The value of
t at the point of intersection is 1.75 hours or 105 minutes.  Therefore,
David had only been running 105 � 30 = 75 minutes.

Connection to ... Quilting (Problem #8)
Quilting has always been a very popular hobby in the United States.  Though some quilts are

designed to seem random, the vast majority of quilts are based on geometric shapes and the idea of
transformations.  Design your own quilt pattern using only squares and isosceles right triangles.

D
is

ta
nc

e
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1. ________ The U.S. Mint produced 2 billion quarters in 1998.  In 1999, it made 6 billion
quarters, as the 50 state quarters program began.  What was the increase from
1998 to 1999 in the number of quarters made?  Express your answer in scientific
notation.

2. ________ For any positive integer n, which of the following expressions is greatest:
A) �

Q
         B) �

�� �Q+
         C) �

� �� �Q−
         D) �

� �� �Q+
 ?

3. ________ The ratio of x to y is 1 to 2.  What is the value of x  if y = 4x � 36?

4. ________ According to the graph, what is the mode of the
number of pets (n ) among the families surveyed?

5. ________ The natural number n  has exactly two natural-number factors.  How many natural-
number factors does Q �  have?

6. ________ A 25-foot ladder reaches 24 feet up the side of a building.
Then the top of the ladder slides down 4 feet.  How many
additional feet does the bottom of the ladder slide out from
the base of the building?

7. ________ A bag contains 12 red marbles and 6 blue marbles.  Two marbles are selected at
random and without replacement.  What is the probability that one marble is red and
one is blue?  Express your answer as a common fraction.

8. ________ A line is drawn through the points (2, 5) and (3, 7) on a Cartesian coordinate graph.
How many points of the form (x, y), where x and y are positive integers less than or
equal to 20, does the line contain?

9. ________ What is the sum of the last two digits of this portion of the Fibonacci Factorial
Series:  1! + 1! + 2! + 3! + 5! + 8! + 13! + 21! + 34! + 55! + 89!  ?

10. _______ A diagonal of a polygon is a line containing two non-consecutive vertices.  How many
diagonals does a regular decagon have?

Warm-Up 12

No. of
families
with AT
LEAST
n pets

n (number of pets)
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Answers
1. � ���× (C)

2. C (E, S, G, C)

3. 18 (C)

4. 2 (T, C, E)

5. 6 (T, C, E, P, S)

6. 8 (F, C)

7. �

��
(T, C, M)

8. 9 (M, C, S, F)

9. 5 (C, P, S)

10. 35 (M, P, C)

Warm-Up 12

Solution � Problem #9
This expression n!, read as �n factorial,� is the number you get by mulitplying n by (n � 1) by

(n � 2) by (n � 3) and so on, all the way down to 1.  So 5! = (5)(4)(3)(2)(1) = 120.  You should notice
that 5! ends in a 0 since it has a factor of 10 (there is a 5 and a 2 in its list of factors).  Notice that
10! has to end in two zeroes since it has a factor of 10, 5 and 2 which is really a factor of 100.
Since any factorial greater than 10 (such as 13! or 21!) includes all of the factors of 10!, the last two
digits of 13!, 21!, and so on are zeros.  These terms, therefore, will not affect the last two digits of
the sum of the Fibonacci factorial series.

To find the last two digits, you need only find the last two digits of each of the terms of
1! + 1! + 2! + 3! + 5! + 8!.  We do not need to calculate 8!, only to find its last two digits.  Starting with
5!, we can work our way to 8!, using only the last two digits of each value along the way.  We know
5! = 120, so use 20 when finding 6!; which will bring us to 6(20) = 120 or 20.  Therefore the last two
digits of 7! are from 7(20) = 140 or 40.  And finally 8! is 8(40) = 320 or finally 20.  The last two
digits of the entire series will come from 1 + 1 + 2 + 6 + 20 + 20 = 50.  Therefore, 5 + 0 = 5.

Representation � Problem #4
Though the information is already in a graph, it may be more helpful to have the information

represented in the form of a table to solve the problem.  The same information in the graph can be
displayed as seen here (numbers may not be exactly the same):

n # of families with at least n pets # of families with exactly n pets
1         500 50     = 500 � 450
2         450 300   = 450 � 150
3         150 50     = 150 � 100
4         100 40     = 100 � 60
5         60 40     = 60 � 20
6         20 20 or less

From the table, we can see that there are more families with exactly 2 pets than families
with any other specific number of pets.

Connection to ... Pythagorean triples (Problem #6)
To ease the process of solving many geometry problems, students should become very

familiar with the most common Pythagorean triples and their multiples.  Investigate what some of
the more common Pythagorean triples are.
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Workout 6
1. ________ The doctor has told Cal O�Ree that during his ten weeks of working out at the gym,

he can expect each week�s weight loss to be 1% of his weight at the end of the
previous week.  His weight at the beginning of the workouts is 244 pounds.  How
many pounds does he expect to weigh at the end of the ten weeks?  Express your
answer to the nearest whole number.

2. ________ The arithmetic mean of x, 50, 53, 21 and 75 is greater than 55 and less than 70.
How many possible integer values are there for x ?

3. ________ A sphere of radius 2 cm is completely inside a sphere of radius 5 cm.  What percent
of the volume of the larger sphere is occupied by the volume of the smaller sphere?
Express your answer to the nearest tenth.

4. ________ A daffodil bulb produces a second bulb every two years.  As a result, one bulb
becomes two bulbs in two years, four bulbs in four years and eight bulbs in six years.

Mrs. Stover purchased 100 bulbs.  Fifty of the bulbs are new and will
produce new bulbs for the first time in two years.  The other bulbs are one
year old and will produce new bulbs for the first time next year.  How many
years will it be before she has at least 1000 bulbs?

5. ________ A polygon is drawn with its vertices on the points of a
lattice.  There are six lattice points on the boundary of
the polygon and four points in the polygon�s interior.
How many square units are in the area of the polygon?

6. ________ January 1, 2000 was on a Saturday.  On what day of the week was January 1, 1960?

7. ________ A triangle has sides of integer lengths 3, 6 and x.  For how many values of x will the
triangle be acute?

8. ________ A number is called a visible factor number if it is divisible by each of its non-zero
digits.  For example, 102 is divisible by 1 and 2, so it is a visible factor number.  How
many visible factor numbers are there from 100 through 150, inclusive?

9. ________ The median of {20, x, 15, 30, 25}  is 0.4 less than the mean.  If x is a whole number,
what is the sum of all possible values of x ?

10. _______ The perfect squares from 1 through 1225, inclusive, are printed in a sequence of
digits 1491625�1225.  How many digits are in the sequence?
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Answers
1. 221 (C, F, P)

2. 74 (C, F, E, S)

3. 6.4 (C, F, M)

4. 7 (C, T, P)

5. 6 (S, G, M, F)

6. Friday (C, P, S, T)

7. 1 (C, M, E, G, T)

8. 19 (E, T, P)

9. 71 (C, E, G, T, F)

10. 97 (C, T, P)

Workout 6

Solution � Problem #7
For a triangle to exist we know that 3 < x < 9, since we know that the sum of the lengths of

the two shorter legs must be greater than the length of the longest side.  Using this triangle
inequality, x > 3 since 6 � 3 = 3 and x < 9 since 6 + 3 = 9.  So the only possible values for x are 4, 5, 6,
7 and 8.  In a right triangle a 2 + b 2 = c 2.  A triangle will be acute if the longest side c is too short,
that is a 2 + b 2 > c 2.  Let�s use the following chart to set up all of our possibilities.  Notice,
sometimes x is one of the shorter sides and sometimes it is the longest side.

x a 2 + b 2 > c 2 True/False
4 32 + 42 > 62     False
5 32 + 52 > 62     False
6 32 + 62 > 62     True
7 32 + 62 > 72     False
8 32 + 62 > 82     False

Therefore, x = 6 and there is only 1 solution.

Representation � Problem #4

Rather than considering all 100 bulbs, let�s
represent the problem with 2 bulbs (one new and
one that is a year old) and see when they get to
�

�� (1000) = 20, since this example represents
�

��
of the number of bulbs in the real scenario.

Notice how we count the number of bulbs at the
4-year mark: there are 4 bulbs from the first
branch (on the 4-year line) and four bulbs from
the second branch (just above the 4-year line,
since they will not become 8 bulbs for another
year).  If we continue the diagram, we will see
that after 6 years there will be 16 bulbs, and
after 7 years there will be 24 bulbs, an amount
over 20.

Connection to ... Measures of Central Tendency (Problems #2 and #9)
This Workout has two problems dealing with the mean and/or median of sets of numbers.

Can you create a list of numbers where the mean is equal to the mode, but the median is greater
than both?

NEW 1-YR OLD
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Warm-Up 13
1. ________ On a number line, A is at 11, B is at 38, C is at c and D is at d.  Points C and D trisect

segment AB.  What is the value of c + d ?

2. ________ Suzanne has determined that swimming the length of a rectangular
pool 60 times is the same distance as swimming its perimeter
18 times.  What is the ratio of the width to the length of
this swimming pool?  Express your answer as a common
fraction.

3. ________ Suppose [\ = �

� and \
]

= �

�
.  What is the value of \ ]

]

+ ?  Express your answer as a
common fraction.

4. ________ How many even natural-number factors does Q = ⋅ ⋅� � �� � �  have?

5. ________ How many square units are in the area of the triangle formed by the x-axis, the
y-axis and the line 5y � 4x = 20 ?

6. ________ One leg of a right triangle is two meters longer than twice the length of the other
leg.  The hypotenuse is eight meters longer than the shorter of the two legs.  What
is the perimeter of the triangle, in meters?

7. ________ Suppose a and b are different prime numbers greater than 2.  How many whole-
number divisors are there for the integer D D E D DE� � "� � �+ − +

8. ________ Cards are numbered from 1 to 100.  One card is removed and the values on the other
99 are added.  The resulting sum is a multiple of 77.  What number was on the card
that was removed?

9. ________ The net to the right can be folded up to form an octahedron.  When
this is done, which two vertices are glued to vertex V?

10. _______ A number n  is randomly selected from the set {1, 2, 3, 4, ..., 100}.  What is the
probability that n  can be expressed as the sum of two non-zero squares of integers?
Express your answer as a common fraction.



MATHCOUNTS 2002�03 2

Answers

1. 49 (C, M)

2. �

�
(C, F)

3. �

�
(C)

4. 12 (T, C)

5. 10 (C, M, F)

6. 30 (C, G, F, M)

7. 8 (C, T)

8. 45 (C, F, G)

9. H, I (M, E)

10. �

��
(T, P)

Warm-Up 13

Solution � Problem #10
The first thing we need to figure out is how

many of the positive integers 1 through 100 can be
written as the sum of two non-zero squares.  The
squares that we would be adding must be less than 100,
so that will limit us to 1, 4, 9, 16, 25, 36, 49, 64 and 81.
Using the chart, we can locate all of the unique sums
that are possible when two squares are added.

Circles were placed around 1 + 64 and 16 + 49
since the sums are equal and should not be counted
twice.  This happens again with the sums of 85 and 50.
Notice also that the shaded areas would be duplicates
of the non-shaded area�s sums.  By inspection, we see
there are 35 different sums out of 100 possible
numbers in the set {1, 2, 3, ..., 100}.  The probability is then ��

���

�

��
=  .

Representation � Problem #2
As seen in a previous representation, the idea of a balance can be extremely useful.  Notice

how the balances will lead us straight to the needed ratio.  To start the problem, we should realize
that the situation is equivalent to saying that 30 lengths of the pool is equal to 9 perimeters.

pool perimeter with Length indicated

30 Lengths = 9 Perimeters

18 Lengths removed from each side of the scale

Widths are regrouped into 3 equal groups

one group from the left must equal one group
from the right;  6 Widths = 4 Lengths; 3W = 2L;
:

/
= �

�
; we can see on the scale that each Length

is equal to 1.5 Widths, as the ratio implies
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Warm-Up 14
1. ________ A satellite completes a 360°-revolution around the planet Earth every 90 minutes.

The satellite travels in a path parallel to, and in the same direction as, the path your
house is on while Earth completes her 360° 24-hour rotation.  If a 24-hour interval
begins with the first pass of the satellite over your house, how many total times will
the satellite pass over your house before the start of the next 24-hour interval?

2. ________ What is the sum of the three positive integers a, b and c  that satisfy

D
E

F

+
+

=� ���
�

"

3. ________ How many positive integers less than 1000 are multiples of 7 and have a units digit of
8?

4. ________ The U.S. Mint began producing quarters for the 50 state quarters program at the
beginning of 1999.  After making the quarters for a given state for approximately
ten weeks, the Mint begins making quarters honoring a new state.  In what year will
the U.S. Mint finish making the quarters honoring the 50th state?

5. ________ Each edge of a cube is decreased by 40%.  What is the percent of decrease in the
volume of the cube?  Express your answer to the nearest tenth.

6. ________ What is the remainder when 10! is divided by 27?

7. ________ Two numbers are selected simultaneously and at random from the set {1, 2, 3, 4, 5,
6, 7}.  What is the probability that the positive difference between the two numbers
is 2 or greater?  Express your answer as a common fraction.

8. ________ What is the positive integer n  such that n + 2, 4n and 5n - 2 are the side lengths of
a right triangle and  5n � 2 > 4n > n + 2?

9. ________ The game of chess is played on an eight by eight grid of squares.  In one move, the
king may be moved to any of the squares which adjoin the square it currently
occupies, either along an edge or at a corner.  If the king starts in a corner square,
how many different squares could it occupy after exactly four moves?

10. _______ Bob and Meena play a two-person game which is won by the first person to
accumulate 10 points.  At each turn Bob gains a point with probability of �

�
.  If he

doesn�t get a point, then Meena gets a point.  Meena is now ahead 9 to 8.  What is
the probability that Meena will win?  Express your answer as a common fraction.
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Answers
1. 15 (M, S, F)

2. 9 (G, P, C)

3. 14 (P, T)

4. 2008 (T, P, C)

5. 78.4 (F, C, S)

6. 0 (P, C, F)

7. �

�
(F, T, E)

8. 3 (C, F)

9. 25 (M, E, P, S)

10. �

�
(C, P, T)

Warm-Up 14

Solution � Problem #9
Think of the king (K) in the bottom right corner of the chess

board.  If moved strictly horizontally, the king could get as far as
square A; moved only vertically, he can get as far as square B; and
moved diagonally, as far as square C.  But, can the king get to any of
the 25 squares in this region in exactly four moves?  Notice that any of
his allowable moves of one space could also be accomplished in two
moves.  For example, a horizontal move of one square left could be
accomplished by a two-move sequence of vertical up followed by
diagonally down/right (see below).  So, if you can get to a square in
fewer than four moves, let�s say in three moves (such as to the dot),
just replace one of the moves with its equivalent two-move sequence,
and you are up to four moves.  Because a horizontal move can be replaced with its equivalent two-
move procedure, getting to the black dot can be done in four moves as seen here:

A final destination of one unit to the left of the starting point can be accomplished in four
moves: 1 up, 1 diagonally down-left, 1 up, 1 down.  It is also possible to end on the same square we
started: 1 up, 1 left, 1 down, 1 right is one such path.  It is now easier to see that any of the
25 squares within the region are possible destinations for the king after exactly four moves.

Solution and Representation � Problem #1
The diagram below represents the paths of the satellite and you during a 24-hour interval.

Imagine that you cut out the graph and glue the top and bottom together to form a cylinder such
that the writing is on the outside.  You see that the satellite makes 16 revolutions around the
cylinder, while you make one revolution.  Each of the 15 intersection points indicates that the
satellite is passing you.

Since

we know
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1. ________ A fair coin is tossed six times and the sequence of heads and tails is recorded.
What is the probability that the sequence contains exactly two heads?  Express your
answer as a common fraction.

2. ________ If Q= ⋅ ⋅� � ��� �� � �  how many of the natural-number factors of n  are multiples of
150?

3. ________ If a :b = 5:6 and b :c = 3:7, what is the value of (3c + 2a) :a ?  Express your answer
as a common fraction.

4. ________ In a video game, each rocket has an 80% chance of hitting a target.
Three rockets are now fired at a target.  What is the probability
that exactly two of the rockets will hit the target?  Express your
answer as a decimal to the nearest thousandth.

5. ________ Three different natural numbers x, y and z each have exactly three natural-number
factors.  How many factors does x 2y 3z 4 have?

6. ________ Let S  be the set of all five-digit numbers such that the sum of their digits is 43.
What is the probability that a number randomly selected from set S  will be divisible
by 11?  Express your answer as a common fraction.

7. ________ The vertices of a triangle are at points A (0, 0), B (7, 0) and C (12, 16).  Segment BD
is an altitude of triangle ABC.  How many units are in the length of segment BD?
Express your answer as a common fraction.

8. ________ If M, A, T, H, L and E each represent a different digit, what is the maximum possible
value of the product (MA)(TH)(LE)(TE), where MA, TH, LE and TE each represent a
two-digit number?

9. ________ The base six number 536 is equal to the base b number 113b.  What is the positive
value of b ?

10. _______ Dan has two identical regular tetrahedra, each of which has three red faces and one
blue face.  He plans to glue them together along one face to make a

polyhedron with six faces.  How many distinguishable polyhedra can
he make?

Workout 7
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Answers

1. ��

��
(T, F, P, M)

2. 980 (C, P, S, F)

3. ��

�
(C, F)

4. .384 (C, M, F)

5. 315 (C, P, T, F)

6. �

�
(T, G, E)

7. ��

�
(F, C, M)

8. 58,295,040 (E, G)

9. 5 (C, F, G)

10. 5 (M, C)

Workout 7

Solution � Problem #8
From observation, we know that we want the four two-digit numbers to be as large as

possible, which would mean using 9, 8 and 7 as the tens digits.  Since there are two numbers with
the same tens digit representation, �T,� we�ll assign T=9.  We can also assign E=6, since it is used
most often (twice) in the units place.  To determine whether M or L should be the 8, let�s consider
which digits each of them will be multiplied by.  Notice that M will never be multiplied by A since
they make up the same two-digit number, and L will never by multiplied by E.  So both M and L will
eventually be multiplied by all of the same numbers, except M will be multiplied by E twice and not A,
while L will be multiplied by E only once and also A.  Since we know E>A, we would want M to be the
larger number, so we�ll assign M=8 and L=7.  Now we have to sort out A and H.  Again notice which
digits each of them will be combined with (multiplied by).  A will be multiplied by the tens digits T, L
and T, while H will be multiplied by the tens digits M, L and T.  A will be multiplied by the total
greater amount, so we will make A>H, so A=5 and H=4.  This gives us the expression (85)(94)(76)(96)
which is equal to 58,295,040.

Representation � Problem #10
There may not be a better problem than this one to dig out the paper, scissors, markers and

tape to create these objects yourself.  Physical representations can make problems such as this one
much easier for students to grasp.  Each student can create their own two tetrahedra to see how
many different ways the tetrahedra can be connected to form distinguishable polyhedra.

Connection to ... Divisibility Tests (Problem #6)
There are at least two different divisibility tests for 11 you might consider.  One test

involves alternately adding and subtracting the digits of a number and testing to see if the result is
divisible by 11.  For example, the number 81,543 is written as 8 � 1 + 5 � 4 + 3 = 11, which is divisible
by 11, so 81,543 is divisible by 11.

Another test is called the �key number test.�  Begin with the number in question, 81,543 in
this case, knock off the last digit and subtract it from what is left of the number.  Keep going until
you can easily tell if the result is divisible by 11.  If it is, the original number was divisible by 11.

  8 1 5 4 3
�         3
  8 1 5 1
�      1
  8 1 4
�   4
  7 7

X

X

X
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Warm-Up 15

1. ________ What is the least natural number that has exactly five distinct, positive factors?

2. ________ The mean of the 20 positive integers {x, x, x, x, x, x, x, x, x, x, x, x, x, x, x, x, x,
x, y, y } is 8, and x and y are not equal.  What is the minimum possible value of [ \− ?

3. ________ The line y = 2x + 3 is graphed.  The line is rotated 90° counterclockwise about the
origin, forming a new line.  What is the equation of the new line?  Write the equation
for the line in the form y  = mx + b  using common fractions for m and b .

4. ________ If a and b are the solutions to the equation [ [� � � �− + = �  what is the value of
� �� � "D E− −� �

5. ________ Rebecca moves the point A(2, 3) to the point A'(�3,2) by
reflecting through one or more of these four lines: x-axis,
y-axis, y = x and y = �x.  What is the resulting ordered pair, if
the same procedure is applied to the point (�3, 0)?

6. ________ What is the least positive multiple of 10 that has exactly ten positive integer
divisors?

7. ________ What is the mean of the measures of the three exterior angles of a triangle if two
of the interior angles have measures of 63 and 78 degrees?

8. ________ The grid to the right will be folded to form an octahedron, but
one face will be missing.  Which three edges will form the
boundary of the missing triangular face?

9. ________ Three points are simultaneously and randomly selected from the 3 by 3 grid of
lattice points shown.  What is the probability that they are collinear?  Express your
answer as a common fraction.

10. _______ Suppose p and q are odd integers with p < q.  How many even integers are there
between them?  Express your answer as a common fraction in terms of p and q.

A
A'
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Answers

1. 16 (G, F, T)

2. -70 (C, F, S)

3. \ [= − −�

�

�

�
(M, C)

4. 5 (C, F, S)

5. (0, -3) (P, M)

6. 80 (G, S, F)

7. 120 (M, P, F, S)

8. A, B and C (M, P)

9. �

��
(F, C, M)

10. T S−
�

(S, P, F, T)

Warm-Up 15

Solution � Problem #2
The mean is 8, so since there are 20 values, 18x + 2y = 20(8) = 160, or 9x + y = 80.  Since x

and y are both positive integers, the maximum value of x we can use for this new equation is 8, but in
that case y is also 8, so this is not possible since x and y cannot be equal.  So the maximum possible
value of x to meet the conditions of the problem is 7.  In this case, y = 17 and x � y = �10.  Let�s now
check the other extreme.  The minimum value for x is 1.  In this case, y = 71 and x � y = -70.  This is
the least possible value for x � y.

Representation and Connection to ... Transformations � Problem #5
The movement of the point (2, 3) to the location (�3, 2) can be accomplished by a number of

reflection combinations.  Here are three possibilities which also include representations of the
effects that such reflections would have on any point (p, q):

a) reflect A over y = x and then over the y-axis       (p, q)                 (q, p)                  (�q, p)

b) reflect A over the x�axis and then over y = x      (p, q)                 (p, �q)                 (�q, p)

c) reflect A over y = �x and then over the x�axis     (p, q)                 (�q, �p)               (�q, p)

In the first example (a) we can see that the effect of reflecting a point over the line y = x
is that the x- and y-coordinates switch positions.  After the second reflection we see that the
x-coordinate is the opposite of what it had been before the reflection.  So now putting the point
(�3, 0) through the same series of reflections, we know that it will first travel to (0, �3), where the
x- and y-coordinates are switched, and will ultimately land at (0, �3).  Notice that the opposite of 0
is 0, so this final reflection did not really move the point.  The point was on the line of reflection.

These sequences of reflections are also connected to rotations.  Observe that point A can
be moved to point B by rotating point A counterclockwise 90° about the origin.  Similarly, by
rotating the point (�3, 0) counterclockwise 90° about the origin we find the new coordinates to be
(0, �3).  We can verify that this rotation is exactly 90° by checking the slopes involved.  If we start
with the point (p, q), the segment connecting it to the origin will have a slope of T

S
.  Our point after

the rotation is (�q, p) which, when connected to the origin, forms a segment with slope −S
T

.  Since
these slopes are reciprocals of each other with opposite signs, the segments are perpendicular, and
the angle between them is 90°.

y =x

y =x

y =�x

x-axis

x-axis

y-axis
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1. ________ The landlord of an apartment building needs to purchase enough digits to label all of
the apartments from 100 through 125 on the first floor and 200 through 225 on the
second floor.  The digits can only be purchased in a package which contains one of
each digit 0 through 9.  How many packages must the landlord purchase?

2. ________ The first term of a given sequence is 1, and each of the following terms is the sum of
all the previous terms of the sequence.  What is the value of the first term which
exceeds 1000?

3. ________ Suppose [
\

\

]
= =�

�

�

�
�  and ]

Z
= �

�
�   What is the value of [

Z

\

Z
]
Z

+ + "   Express your
answer as a common fraction.

4. ________ A circle is inscribed in a square.  What is the ratio of the area of the square not
within the circle to the total  area of the square? Express your answer as a common
fraction in terms of π �

5. ________ The concentric circles are drawn as shown with radii 2, 4 and
6 units.  What is the ratio of the area of the smallest circle
to the area of the shaded region?  Express your answer as a
common fraction.

6. ________ Think of a number n.  Double the number.  Subtract 160.  Divide the result by 4.
Add 60.  Subtract half the original number.   Now square what you have.  What is
your answer?

7. ________ The triangular region having vertices A(0,0), B(3,0) and C(0,4) is rotated about the
x-axis to form a solid having volume X.  The same triangular region is then rotated
about the y-axis to form a solid having volume Y.  What is the ratio of X toY ?
Express your answer as a common fraction.

8. ________ What is the sum of all the elements of all the subsets containing exactly three
different elements from the set {1, 2, 3, 4, 5, 6} ?

9. ________ How many of the natural-number factors of N  when 1 = ⋅ ⋅ ⋅� � � ��� �� � �  are
perfect cubes?

10. _______ Four  horizontal lines and four vertical lines are drawn in a plane.  How many ways can
four lines be chosen such that a rectangular region is enclosed?

Warm-Up 16
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Answers

1. 52 (T, P, S)

2. 1024 (C, P)

3. ��

��
(C, P)

4. �

�

− π (F, C, M)

5. �

�
(F, C)

6. 400 (C, S)

7. �

�
(F, C)

8. 210 (T, P, S, C)

9. 135 (F, S, C)

10. 36 (M, T, C)

Warm-Up 16

Solution � Problem #8
There are � �

�

� �
��& = =�

� �
 ways to choose three items from a group of six.  So there are

20 subsets with three elements in them.  That means that if you were to write out all 20 subsets,
you would write 60 numbers.  Each of the elements in the original set would be used an equal amount
of times, so each of the six original elements occurs 10 times.  The sum of all the elements of the
20 subsets is then 10(1 + 2 + 3 + 4 + 5 + 6) = 10(21) = 210.

Representation � Problem #10
The solution for this problem can be represented in at least two different ways.  After

drawing a diagram for the problem, we see that there are 9 individual rectangular regions and we
can then count the number of larger rectangular regions.  (Notice that a 1 by 2 region is not
necessarily  1 unit by 2 units, but 1 individual region by 2 individual regions.)  Through careful
counting, we see that we have:

We could also represent the answer as the possible number of different ways to choose
2 horizontal lines and 2 vertical lines (which will each form a unique rectangular region).  There are
� � �& =  ways to choose a pair of horizontal lines and � � �& =  ways to choose a pair of vertical lines,
so there are 36 ways to choose four lines that will form a rectangular region.

Connection to ... Expected Value (Problem #5)

Three concentric circles have radii 2, 4 and 6 units as in problem #5.  If a
tossed dart lands randomly, the probability of landing in region I is �

�
, in region II

is �
�

 and in region III is �
�

.  No regions overlap.  Suppose a dart player pays $40
to throw four darts that randomly land on the dartboard.  The thrower receives $15 for each dart
that lands in region I, $11 for each dart that lands in region II and $3 for each dart that lands in
region III.  How much gain or loss should the dart thrower expect if these four darts are thrown?

From the probabilities we see that if 9 darts are thrown, we can expect 1 will land in region
I, 3 in region II and 5 in region III, which will be a total of 15(1) + 11(3) + 3(5) = $63.  Spread over
9 darts, this is $7 per tossed dart.  The dart thrower can expect to lose (not get back) an average
of $3 per dart, or $12.  How might this idea of expected value relate to buying insurance?

1 by 1: 9 rectangles
1 by 2: 12 rectangles
1 by 3: 6 rectangles
2 by2: 4 rectangles
2 by 3: 4 rectangles
3 by 3: 1 rectangle
          36 rectangles
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1. ________ In the following addition procedure, each letter represents a distinct digit:
MQM + NQ = QHHH.  What is the value of N?

2. ________ Assume that the length of Earth�s equator is exactly 25,100 miles and that the
Earth is a perfect sphere.  The town of Lena, Wisconsin, is at
45° North Latitude, exactly halfway between the equator
and the North Pole.  What is the number of miles in the
circumference of the circle on Earth parallel to the equator
and through Lena, Wisconsin?  Express your answer to the
nearest hundred miles.

3. ________ The area of a triangle is 336 square units and its perimeter is
84 units.  How many square units are in the area of the
inscribed circle?  Express your answer in terms of π .

4. ________ When Trilisa takes pictures, they turn out with probability �

�
.  She wants to take

enough pictures so that the probability of at least one turning out is
at least �

�
.  How few pictures can she take to accomplish this?

5. ________ If [
[

+ =� � , then what is the value of [
[

� �
�

+ "

6. ________ The dimensions of a rectangular box are x, y and z centimeters.  The sum x + y + z
equals 24 centimeters and the product of two space diagonals is 200 square
centimeters.  What is the number of square centimeters in the surface area of the
box?

7. ________ The sum of seven consecutive positive integers is a perfect cube.  What is the least
possible sum?

8. ________ Two standard six-faced dice are rolled.  Cara scores x points if the sum of the
numbers rolled is greater than or equal to their product, otherwise Jeremy scores
one point.  What should be the value of x to make the game fair?

9. ________ A Pythagorean triple is a set of three whole numbers which are the side lengths of a
right triangle.  How many Pythagorean triples have a 12 in the triple?

10. _______ The median, y, of the set {x, y, 8, 11, 19} is 1 greater than the mean, and x and y are
positive integers.  What is the maximum possible value for y � x ?

Workout 8
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Answers
1. 8 (G, C, E, P)

2. 17,700 (C, F)

3. ��π (F, M, P, C, G)

4. 7 (C, G, F, T)

5. 34 (P, F, C)

6. 376 (F, M, C)

7. 343 (F, T, P, G, C)

8. 2 (T, C)

9. 4 (T, F, P, G)

10. 10 (T, G, C, F)

Workout 8

Solution � Problem #3

The perimeter of the large triange is a + b + c = 84 units.  But the
key to this problem is to view the large triangle as three smaller
triangles, each with a height of r, and each with a base equal to one of
the sides of the large triangle.  The sum of the areas of these smaller
triangles will be �

�

�

�

�

�

�

�

�

�
�� ��DU EU FU U D E F U U+ + = + + = =� � � � .  The

combined areas of the three smaller triangles is equal to the area of the
large triangle, so we know 336 = 42r so r = 8.  Now we can find the area
of the circle which is $ U= = =π π π� �� ��� � .

Representation � Problem #7

Two different ways to represent a solution are shown here.

One way is to start looking at the first seven consecutive integers: 1, 2, 3, 4, 5, 6 and 7.
Their sum is 28 (which is not a perfect cube).  If we remove the 1 from the set and include an 8,
notice we are increasing the sum by 7, up to 35 (which is not a perfect cube).  Removing the 2 and
including a 9 again increases our sum by 7, up to 42 (which is not a perfect cube).  We could continue
this process until we get to a perfect cube, but notice what is happening.  The sum of every set of
seven consecutive integers is going to be a multiple of 7.  If we are looking for the least possible
sum that is a perfect cube, it will be 73 or 343.  (Notice in our previous examples, that if we start
with the integer n, the sum of the integers n, n + 1, ..., n + 6 is 7(n + 3), so since 343 = 7(49) = 7(46 +
3), the set of consecutive integers for this problem is 46, 47, 48, 49, 50, 51 and 52.)

Another way to represent the problem is to consider that we are looking to fill in the blanks
with seven consecutive integers and we know their sum is a perfect cube.  We also know that the
sum of the first and last terms is equal to the sum of
the second and sixth terms, which is equal to the sum
of the third and fifth term, which is equal to twice
the fourth term.  Suppose x = the sum of the first
and last term.  We know that x + x + x + �

�
x = perfect

cube; or �
�

x = perfect cube.  Dividing both sides by
�

�
, we see that x = �

�
× (perfect cube).  We know that

x is an integer, so the  perfect cube must be divisible by 7, and the least possible value for that is
73 or 343.  Therefore, x = 98, the middle term is 49 and, working backward, the first term is 46.

_ + _ + _ + _ + _ + _ + _   =   perfect cube

x
x
x

x��
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Warm-Up 17
1. ________ What is 100 km/h in meters per second?  Express your answer as a decimal to the

nearest hundredth.

2. ________ What is the sum of the two least natural numbers that each have exactly six
distinct, positive factors?

3. ________ Fifteen distinct numbers are randomly selected from the set {1, 2, 3, � 20, 21}.
What is the probability that at least three of those numbers are consecutive?

4. ________ A point with coordinates (x, y) is randomly selected
such that � ��≤ ≤[  and  � ��≤ ≤\ .  What is the
probability that the coordinates of the point will
satisfy � � ��[ \+ ≥ "   Express your answer as a
common fraction.

5. ________ What is the sum of all of the multiples of 6 from -100 through 200?

6. ________ Two fair tetrahedral dice with faces numbered 1 through 4 are tossed.  What is the
probability that the sum of the numbers rolled is exactly 6 if at least one of the
numbers rolled is a prime number?  Express your answer as a common fraction.

7. ________ Starting with the number 100, Shaffiq repeatedly divides his
number by two and then takes the greatest integer less than or
equal to that number.  How many times must he do this before he
reaches the number 1?

8. ________ Four line segments are chosen at random from a collection of six line segments
having lengths 2, 3, 5, 8, 13 and 21 units.  What is the probability that the four
segments chosen could form a quadrilateral?  Express your answer as a common
fraction.

9. ________ How many of the numbers from the set {1, 2, 3, ..., 50} have a perfect square factor
other than one?

10. _______ What integer is closest to the area of a triangle whose sides are 5, 6 and 7 units?
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Answers

1. 27.78 (C)

2. 30 (G, E, T)

3. 1 (S, M, P, G)

4. �

��
(M, F, C, T)

5. 2550 (F, C)

6. �

�
(T, C)

7. 6 (P, C, T)

8. �

�
(T, E, S)

9. 19 (T, P)

10. 15 (F, M)

Warm-Up 17

Solution � Problem #7
You can solve this problem by doing the series of divisions, but let�s see if a pattern arises

that would allow you to answer this question for any starting point, without actually doing all of the
division!

Let�s work backwards.  Which numbers will reach �1� in one step?  The numbers 2 and 3 will
work, but 4 is too big.  Which numbers will reach 2 or 3 in one step, meaning they will get to �1� in
two steps?  The numbers 4, 5, 6 and 7 work, but 8 is too big.  Which numbers will reach 4, 5, 6 or 7
in one step, meaning they will get to �1� in three steps?  The numbers 8, 9, 10, ..., 15 work, but 16 is
too big.  Notice that the numbers that have been too big and take us to the next level are 4, 8 and
16.  Do you notice that these are powers of 2?  We can see that any number less than 2n, but
greater than or equal to 2n -1 will reach �1� in n � 1 steps.  For example, 22 ≤ 7 < 23 and will therefore
reach �1� in 2 steps.  Since we know 26 ≤ 100 < 27, the number 100 will take 6 divisions to reach �1.�

Solution and Representation � Problem #4
Though this problem may appear to be an algebra problem, it has a geometry component, as

well.  Since we need to include all values for x and y from 0 through 10, we need to remember that
we�re not dealing with just the integers, so building a table of values is not going to work here.  Let�s
represent the information we have been given with a graph.  Draw the lines x = 10 and y = 10, and we
can see the square they form with the x-axis and y-axis.  This square space represents all of the
possible values for our point (x, y).  Now the limitation comes from
the line 4x + 5y = 20.  We are looking for the points (x, y) that either
fall on this line or are located above it.  Once we shade in that area,
we can really think of the problem as, �What is the probability that a
point chosen from the original 10 by 10 square is within the shaded
region?�  Since the area of the unshaded region is 10 square units
(it�s a triangle with base 5 units and height 4 units), we know that the
area of the shaded region is 100 � 10 = 90 square units.  So the
probability of being within the shaded region if inside the square is
��

���

�

��
= .

Connection to ... The Pigeon-hole Principle (Problem #3)
The Pigeon-hole Principle is a mathematical idea which can help us solve this problem.  In its

simplest form, it says that if you put n + 1 pigeons into n pigeon-holes, then one of the holes must
contain at least two pigeons.  Here, let the pigeon-holes be these seven subsets of consecutive
integers.  For each of the 15 numbers we choose from the set of 21 numbers, we will cross the
number out below.  Notice that if we cross out two numbers in each of the seven subsets, we will
still have to cross out one more number, which will mean that we will cross out all three numbers
from one subset, meaning there is a probability of 1 or a 100% chance we will choose three
consecutive integers with our 15 selections.

1  2  3      4  5  6      7  8  9      10  11  12      13  14  15      16  17  18      19  20  21

y =10

x =10

x -axis

y -axis

4x + 5y =20
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Warm-Up 18
1. ________ We write ;  to mean the greatest integer less than or equal to X ; for example

� ��

�
= �   If 1 = �

�
�  what is the value of �� ��� ���� �� ���1 1 1 1+ + + � ?

2. ________ The measures of four angles of a quadrilateral form an arithmetic sequence.  The
largest is 15 degrees less than twice the smallest.  What is the measure, in degrees,
of the largest angle?

3. ________ Ginny wants to cover a 7 by 7 grid of squares with non-overlapping 2 by 3 tiles.
What is the greatest possible fraction of the area that she can cover?  Express
your answer as a common fraction.

4. ________ What is the value of ��� � ��� � ��� �� �− ⋅ + ⋅ − "

5. ________ A circular target has scoring regions of 5 and 7 points.  What is
the largest score that cannot be obtained by throwing any
number of darts that land on the target?

6. ________ Each of the natural numbers 2 through 1000, inclusive, is factored in its prime
factorization.  How many factors of 5 are in the collection of factorizations?

7. ________ Suppose a *b is defined as 2a � 3b.  What is the value of (2*1)*(1*2) ?

8. ________ The sum of the first twenty-one terms of an arithmetic series is 273.  The fifth
term is 7.  What is the 49th term?

9. ________ The vertices of a triangle are at (0,0), (12,0) and (18,6).  The triangle and its interior
are rotated about the x-axis to form a solid figure.  What is the volume, in cubic
units, of this solid?  Express your answer in terms of π .

10. _______ How many pairs of perpendicular line segments can be drawn using the points of this
3 by 3 grid as endpoints? (Segments must intersect at one point; either at an
endpoint or within the segment.)
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Answers

1. 3702 (C)

2. 115 (F, C, G, T)

3. ��

��
(P, M)

4. 1,000,000 (F, C)

5. 23 (T, E, P)

6. 249 (P, T)

7. 14 (C)

8. 51 (F, C, G)

9. ���π (F, C)

10. 78 (T, M, P)

Warm-Up 18

Solution � Problem #2
We know that the sum of the measures of the four angles of a quadrilateral is 360°, and

from the given information, we know that if the smallest angle is x°, the largest angle can be
represented as 2x � 15°.  Writing the angles in order of size, we have x + __ + __ + 2x � 15 = 360.
It is now helpful to know that in an arithmetic sequence, the pairings of terms (starting with each of
the outermost terms) is always equal to twice the average of all of the terms in the sequence.  In
this case, the average angle measure is ��� � ��÷ = ° .  Therefore, the sum of the outermost terms
(x and 2x � 15) must be 180.  Solving the equation x + 2x � 15 = 180, yields x = 65 and therefore the
largest angle is 115°.

Solution � Problem #10

Solving this problem takes some time and some careful tallying.  One approach is to realize
that due to the size of the grid, it is only possible to draw segments with a slope of 1, �1, 2, �2,
�

�

�

�
� �−  0 or �undefined.�  When going through the possibilities, there are 49 pairs of

perpendicular segments with slopes of 0 & �undefined� (first diagram), 21 pairs with slopes of 1 & �1
(second diagram), 4 pairs of segments with slopes of 2 & −�

�
 (third diagram) and 4 pairs of

segments with slopes of �2 and �

�
(fourth diagram).  That makes a total of 78 pairs of

perpendicular segments.

Representation � Problem #4
This problem is actually a very easy one to simplify if you can represent the expression in its

factored form.  Notice that the expression ��� � ��� � ��� �� �− ⋅ + ⋅ − is equal to
��� � ��� ���� ���� �− = =1 6 � � .  The cube of any binomial in the form of (a � b) is equal to

D D E DE E� � � �� �− + − �   In this case a = 101 and b = 1.

Connection to ... Calculus (Problem #9)
Try solving this problem by finding the difference in the volumes of the two cones that are

generated by revolving the triangle about the x-axis.  Problems of this type are developed in a
branch of mathematics called calculus.  Although calculus is usually a high school and/or university
subject, this problem gives you a little taste of a topic that is covered in such a course.  Finding
volumes of figures rotated about the x-axis can be solved using simple rules once you learn some
fundamental calculus concepts.
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1. ________ A company currently packages its product in a box measuring 2.75 inches by
8.25 inches by 12 inches.  Four alternative packages have been designed requiring
less packaging materials but having volumes within 5 cubic inches of the current
package.  The dimensions, in inches, of the alternatives are: 8 × 4.25 × 8,
8.25 × 4.25 × 7.875,  6 × 5.625 × 8  or  6.25 × 5.5 × 8.  What is the difference, in
square inches, of the surface area of the current package and the surface area of
the alternative package with the least surface area?  Express your answer to the
nearest whole number.

2. ________ The Indian mathematician Ramanujan knew that there were four different whole
numbers A, B, C  and D such that:  A 3 + B 3 = 1729 and C 3 + D 3 = 1729.  What is the
sum A + B + C + D?

3. ________ Tanika�s brother gets a weekly allowance of $13.  Tanika�s allowance is determined by
rolling two fair dice and taking the sum, in dollars, of the numbers rolled.  Each die
has six faces with a number on each face.  The numbers on each die are: 1, 5, 5, 10,
10 and 20.  By how many dollars can she expect her mean weekly allowance to exceed
that of her brother�s?

4. ________ The sum of the squares of three consecutive positive integers is 7805.  What is the
sum of the cubes of the three original integers?

5. ________ Points A, B, C and D are positioned on a circle such that
AB = 7, BC = 24, diameter AC = 25 and CD = 15.  What is the
number of units in the length of segment $' ?

6. ________ If N 3 is a divisor of 10!, then what is the greatest possible integer value of N ?

7. ________ A number is chosen at random from the set {1, 2, 3, �, 7!}.  What is the probability
that the number is a factor of 7!?  Express your answer as a common fraction.

8. ________ Rebecca celebrated her graduation by going for a hot air balloon
ride.  The wind first blew the balloon �

�
 mile due east.  Then the

balloon was blown �
�

 of a mile southwest.  Finally, it was blown
�

�
 mile north and then landed.  How many miles did they land

from the point where the balloon was launched?  Express your
answer as a decimal to the nearest hundredth.

9. ________ What is the greatest factor of 11! that is one greater than a multiple of 6?

10. _______ The binary number 101010011102 is equal to what number in base eight?

Workout 9
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Answers
1. 56 (C, E, F)

2. 32 (G, T, C)

3. 4 (C, T, F, G, S)

4. 398,259 (G, C, T, S)

5. 20 (M, P, C, F)

6. 12 (T, C, G)

7. �

��
(S, F, T, C)

8. .04 (M, F, C)

9. 385 (E, G, T, P)

10. 25168 (S, C, F, P)

Workout 9

Solution � Problem #9
We are trying to find a number that is one greater than a multiple of 6 and is the greatest

factor of 11!.  Let�s first deal with the restriction that this number must be one greater than a
multiple of 6.  In order for a number to have this property, the number must not have a factor of
either 2 or 3.  Notice that we are starting with �� �� �� � � � � � � � � �� = × × × × × × × × × × , but if we
take out all of the factors of 2 and 3, we are left with �� � � �× × × , which is equal to 1925.  This
number is 5 greater than a multiple of 6.  Taking out a factor of 5 (the smallest available factor
since we are trying to come up with the greatest number possible), we get the number 385, which is
exactly one more than a multiple of 6.

Representation � Problem #8
A Cartesian coordinate system can be used to represent the

information in this problem.  Let�s have the balloon start at the origin (A),
and then we can follow its path.  Notice that the balloon�s initial eastward
movement is to B, the balloon�s southwest movement to C is shown with a
segment going at a 45° angle down and to the left, and the balloon�s final
movement is north to D.  We now need to find the distance from D to A.
Notice that segment CD is vertical and segment AB is horizontal, so if
the two segments were to continue until they intersect at E, they would
form a right angle.  Due to the 45° angle at B, we now know that triangle
EBC is an isosceles right triangle.  From here we also know that each of
the extensions (segments AE and DE) must be equal, and we can label them x.  Since triangle EBC is
a right triangle, we can use the Pythagorean Theorem to set up the following equation:
�� � �� � � �� � � �� � � � � �� � �� � � ���� � ����� � ������� �������� � � � �+ + + = ⇒ + = ⇒ + = ⇒ + = ⇒ =[ [ [ [ [ [
Remember, however, that we are not finished.  We now have to find the distance from A to D, which
also happens to be the hypotenuse of the right triangle EDA.  We know the length of each of the
legs (x), and we can plug that value into the Pythagorean Theorem leading us to our final result:
[ [ $' [ $' $' [ [� � � � � �� � � ������� � ��+ = ⇒ = ⇒ = = = ≈� � � � � � .

As shown above, the Pythagorean Theorem will definitely lead you to the solution of this
problem.  However, a more elegant solution uses the known relationships for the sides of a
45-45-90 triangle.  (The triangle is called a 45-45-90 triangle in reference to the measures of its
angles.)  In a 45-45-90 triangle, the length of each leg is equal to the length of the hypotenuse
divided by � .  So for triangle EBC, we can set up the equation �� � � �� �� �+ = ÷[  With a calculator,
we can quickly see that x = .0303301.  Notice, we can now use the same relationship again with
triangle EAD.  This time we know the length of the leg (.030331), so multiplying it by �  will get us
to the length of the hypotenuse.


